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Abstract 



This thesis is concerned with formulations of the Einstein equations in axi- 
symmetric spacetimes which are suitable for numerical evolutions. The com- 
mon basis for our formulations is provided by the (2+l)-|-l formalism. Gen- 
eral matter sources and rotational degrees of freedom are included. 

A first evolution system adopts elliptic gauge conditions arising from max- 
imal slicing and conformal flatness. The numerical implementation is based 
on the finite-difference approach, using a Multigrid algorithm for the elliptic 
equations and the method of lines for the hyperbolic evolution equations. 
Problems with both constrained and free evolution are explained from an 
analytical as well as a numerical viewpoint. 

The second half of the thesis is concerned with a strongly hyperbohc first- 
order formulation of the axisymmetric Einstein equations. Hyperbolicity 
is achieved by combining the (2-l-l)-|-l formalism with the Z4 formalism. 
The system is supplemented with generalized harmonic gauge conditions. A 
careful study of the behaviour of regular axisymmetric tensor fields enables 
us to cast the equations in a form that is well-behaved on the axis. 

A class of exact solutions of linearized theory are used as a test problem in 
order to demonstrate the accuracy of our implementation. We derive various 
outer boundary conditions of dissipative and of differential type based on the 
Newman-Penrose scalars and the constraint and gauge propagation systems. 
The stability of these boundary conditions is examined both analytically and 
numerically. 

The code is applied to the evolution of strong Brill waves close to the 
threshold of black hole formation. As a novel ingredient, a nonzero twist is 
included. Adaptive mesh refinement is found to be crucial in order to resolve 
the highly distorted waveforms that occur if harmonic slicing is used. 
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Chapter 1 



Introduction 

1.1 Numerical relativity 

Albert Einstein's 1915 theory of general relativity has radically changed our 
understanding of space and time. Whereas in previous field theories the 
spacetime geometry was regarded as being fixed, with the other fields evolving 
on top of it, the geometry is now part of the field equations themselves 
and has thus entered the dynamical arena. Spacetime is described as a 
four-dimensional manifold endowed with a Lorentzian metric, which sets the 
lengths and angles measured between spacetime events. According to general 
relativity, the metric is determined by the matter content of spacetime via 
the field equations, and in turn the motion of the matter is determined by 
the metric. Thus gravitation becomes a purely geometric concept. 

Despite their elegant tensorial form, Einstein's equations turn out to be 
a complicated set of coupled nonlinear second-order partial differential equa- 
tions when written out explicitly in terms of the metric. Only under rather 
restrictive assumptions has one been able to find analytical solutions to these 
equations, e.g., by imposing symmetries or considering weak perturbations 
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about a fixed background solution. 

One of tlie most promising routes towards a deeper understanding of 
tfie full implications of general relativity appears to be the use of numerical 
methods to solve the field equations. Since its first steps in the 1960s [73], 
numerical relativity has sparked many new insights, including the discovery 
of critical phenomena by Choptuik [40 . With gravitational wave observa- 
tories such as LIGO, VIRGO, GEO, and TAMA soon expected to be fully 
operating, there is today a strong demand for waveform templates from nu- 
merical simulations of astrophysical scenarios such as the collision of black 
holes or neutron stars. 

Current research focuses on two main branches, which are increasingly 
moving towards each other. The general relativistic side of the field is mainly 
concerned with the geometry of spacetime, studying, for example, vacuum 
black hole spacetimes, most notably the binary black hole problem. The 
astrophysical side concentrates on the general relativistic motion of matter, 
e.g., stellar collapse, and tries to incorporate physically realistic forms of 
matter, equations of state and interactions. This thesis is almost entirely 
concerned with the first approach. 

For a comprehensive review of numerical relativity, we refer the reader to 
the review article by Lehner [OEl- 

1.2 Axisymmetry 

Most of the early calculations in numerical relativity were concerned with 
spherically symmetric spacetimes. Because this is effectively a one- dimensional 
problem, it could be tackled with the modest computational resources avail- 
able at that time. Powered by the rapid increase in the capacity and speed 
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of hardware, attention has now almost entirely turned to the case without 
any symmetries. 

The intermediate case, axisymmetry, has not been studied to the same ex- 
tent. However, axisymmetric situations occur frequently in astrophysics and 
there are many interesting problems one can study: e.g., the head-on collision 
of two black holes, rotating stars and accretion disks. In contrast to spherical 
symmetry (as a consequence of Birkhoff's theorem [201); axisymmetric space- 
times admit gravitational waves. Evolving axisymmetric spacetimes is less 
computationally expensive than the case without symmetries because there 
are only two (rather than three) effective spatial dimensions. Thus many 
questions in numerical relativity can be investigated much more directly. 

The main difficulty with axisymmetric spacetimes is the coordinate singu- 
larity on the axis in the coordinate system that is adapted to the symmetry, 
cylindrical polar coordinates. Many attempts to deal with this proved un- 
successful and numerical evolutions became unstable. There are many ways 
to address this problem, of which we only outline the two most often used. 

The cartoon method of Alcubierre et al. [Zj uses Cartesian coordinates 
and thereby avoids the coordinate singularity. In one of the three spatial 
dimensions, the numerical grid consists only of a few (typically three) grid 
points, and the axisymmetry is imposed by appropriate boundary conditions 
in that direction. This method has been used successfully in practice, al- 
though its stability properties are somewhat dubious j55j. An interesting 
variant of the method that avoids the use of a third dimension altogether 
can be found in |112j . 

The second approach, which we shall adopt in this thesis, uses cylindri- 
cal polar coordinates and imposes appropriate regularity conditions on the 
variables at the axis r = so that the equations are well-behaved there. 
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This is the method used by Nakamura et ah |lU4j and later by Garfinkle 
and Duncan [02] and Choptuik et al. [H] for a relatively simple formulation 
of the axisymmetric Einstein equations. One of the main objectives of this 
thesis is to develop a systematic regularization procedure for a rather general 
(and complicated) system such as the one studied in chapter El Our regu- 
larity conditions are based on the small-r behaviour of various axisymmetric 
tensor fields derived in chapter |21 

We apply a differential geometric trick in order to reduce the number of 
variables we need to evolve: the axisymmetry is essentially "divided out" and 
the Einstein equations are expressed entirely within the three-dimensional 
manifold formed by the trajectories of the Killing vector generating the sym- 
metry. This was invented in this context by Geroch [HH] although the idea 
resembles the famous Kaluza-Klein reduction [SSllSni- In contrast to previous 
numerical studies jUJ we do not restrict ourselves to the case in which 
the Killing vector is hypersurface-orthogonal. Thus we are able to evolve 
rotating spacetimes. 

1.3 Evolution formalisms 

To make the Einstein equations suitable for numerical treatment, one typ- 
ically introduces a foliation of spacetime into three-dimensional hypersur- 
faces. The most frequently used approach is to choose the hypersurfaces to 
be spacelike, which leads to the ADM or 3+1 or Cauchy formulation of gen- 
eral relativity . Another possibility is to take the hypersurfaces to be null, 
which leads to the characteristic formulation |2S1 . A third approach is 
known as the conformal Einstein equations |SHI, in which one applies the 
ADM approach to a larger unphysical spacetime which contains the physical 
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one in a finite region. In this thesis, we will adopt the ADM formulation 
and combine it with the aforementioned dimensional reduction, resulting in 
what is known as the (2+1 )+l formalism In this case, the slices of the 

foliation are two-dimensional. 

In the ADM approach, the Einstein equations split into elliptic constraint 
equations within the spacelike hypersurfaces and hyperbolic evolution equa- 
tions governing the time evolution normal to the hypersurfaces. The con- 
straints are conserved by the evolution equations. In addition, certain gauge 
variables appear that can be freely specified and that reflect the general co- 
variance of general relativity - the field equations are invariant under trans- 
formations of the spacetime coordinates. These basic properties immediately 
raise two questions: firstly, how to choose the gauge (i.e., the coordinates) 
and secondly, how to deal with the constraints during the evolution. 

Since one does not normally know in advance what spacetime the initial 
data one specifies on the initial hypersurface will evolve to, one would not 
like to specify the gauge a priori as a fixed function of spacetime. Rather, 
one would like to tie it to the dynamics so that it can adapt itself to the 
solution. A first class of gauge conditions we consider in chapter El are based 
on geometrical considerations: we choose the foliation such that the slices 
have maximal proper volume and their induced metric is conformally fiat. 
This leads to elliptic equations for the gauge variables. The resulting system 
is similar to the ones considered in [^TJ |H21 but our version is more general 
in that it includes rotation. 

There are two different ways of dealing with the constraints. One can 
either solve them during the evolution to update some of the variables {con- 
strained evolution) or one can evolve all the variables via the evolution equa- 
tions, leaving the constraints unsolved {free evolution) . As we shall see, both 
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approaches have certain advantages and disadvantages. 

If one decides to adopt the free evolution approach, one can look for 
strongly (or even symmetric) hyperbolic formulations of the Einstein equa- 
tions, in a sense made mathematically precise in section 16.41 This requires 
certain modifications to the ADM system, for that system is itself only weakly 
hyperbolic |HZI- Hyperbolic formulations of the Einstein equations have been 
a very active area of research over the past few years and there exist today 
a plethora of examples (see jll6| for a recent review). 

Of the many techniques for obtaining hyperbolic systems, a particularly 
simple and beautiful one is the so-called Z4 extension of the field equations 
developed by Bona et al. ,23]. This involves adding a covariant extra term to 
the Einstein equations such that the enlarged ADM system is automatically 
hyperbolic (subject to certain provisos). We apply this technique to the 
(2+l)+l formalism to obtain a new strongly hyperbolic formulation of the 
Einstein equations tailored to axisymmetric spacetimes. Of course, we now 
have to replace our elliptic gauge conditions with hyperbolic ones, and the 
ones we use are a generalization of harmonic gauge, in which the spacetime 
coordinates obey the wave equation. 

In contrast to mixed hyperbolic-elliptic formulations, hyperbolic ones 
have the advantage that there is a well-developed mathematical machinery 
for analyzing the well-posedness of the initial boundary value problem. This 
depends crucially on the boundary conditions that one imposes at the outer 
boundaries of the (finite) computational domain. Obtaining stable boundary 
conditions that avoid spurious reflections is another objective of this thesis. 
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1.4 Numerical methods and implementation 



Once one has decided on a particular evolution formalism, the next question 
is how to solve the system numerically. 

The first step is to discretize the spatial domain. The approach that is 
used most often in numerical relativity and that we shall follow here is the 
finite difference technique [73]. Thereby the domain is covered by a discrete 
grid and the numerical approximation is represented by its values at the 
grid points. Differential operators are translated into finite differences by 
means of Taylor expansions. A different approach is based on an expansion 
of the numerical solution with respect to a given set of basis functions. This 
leads to methods such as finite element, spectral and pseudo-spectral methods. 
Considerable progress for the vacuum Einstein equations has been obtained 
with the latter |122H 67j. Finite element methods have been used to construct 
initial data for black hole and Brill wave spacetimes fn\ |H2] ■ 

As mentioned in the previous section, the ADM formalism generically 
leads to two different types of PDEs: hyperbolic and elliptic ones. Ac- 
cordingly, their solution requires two rather different classes of numerical 
methods. 

The framework we use for the hyperbolic equations is the method of lines, 
whereby the PDE is first only discretized in space, leaving the time de- 
pendence continuous. A suitable ODE integrator is then used for the time 
integration. The method of lines combined with straightforward finite dif- 
ferencing works well for smooth solutions such as those of vacuum general 
relativity considered in this thesis. Once matter is included, e.g., a perfect 
fluid, one has to deal with discontinuities such as shocks and more sophisti- 
cated methods from computational fluid dynamics are needed (see jHZI for a 
comprehensive introduction). 
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Elliptic equations are generally thought to be expensive to solve numeri- 
cally because they typically require 0{N^) operations (A^ being the number 
of unknowns, i.e., grid points) as opposed to 0{N) operations for hyperbolic 
equations. A class of elliptic methods that achieve a complexity of 0{N) 
as well are Multigrid methods [ST]. This makes them the ideal method for 
numerical relativity if elliptic equations need to be solved at each time step 
of the evolution. However, as we shall see in this thesis, Multigrid is not 
suitable for the solution of certain indefinite elliptic equations such as one 
of the constraint equations (the Hamiltonian constraint). Conjugate gradi- 
ent methods |125j provide an alternative but are much more computationally 
expensive. 

Solutions of partial differential equations often exhibit a variety of rele- 
vant length scales. For example, certain hyperbolic gauge conditions tend 
to produce highly distorted slices. As a consequence, steep gradients and 
peaks appear in the metric variables that propagate through the numerical 
grid, whereas the solution is completely smooth elsewhere. Adaptive mesh 
refinement (AMR) is a numerical technique that addresses this problem in a 
computationally efficient way. More resolution is added in regions where and 
when it is needed, and discarded when it becomes obsolete. We use Berger 
and Oliger's JH] classic version of the algorithm for hyperbolic partial differ- 
ential equations. 

All algorithms employed in this thesis have been implemented in C+-I-. 
In order to manipulate the equations to be solved, we make extensive use 
of the computer algebra language REDUCE jHOj, from which we also gen- 
erate C code automatically. Gnuplot and the Data- Vault |110j are used for 
visualization. 
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1.5 Gravitational waves and critical collapse 



The main application we consider in this thesis is the numerical evolution of 
gravitational waves. Axisymmetric gravitational waves (with time-symmetric 
initial data) are known as Brill waves j 32] . 

For weak perturbations of flat space, one can construct analytical solu- 
tions of the linearized field equations. We use some of these as test problems 
for our code (chapter [7j). 

No analytical solutions are known in the nonlinear case and one has to 
resort to numerical methods. The earliest numerical study of Brill waves we 
know of is the one by Eppley jlHl HHl , which uses a similar gauge as the one 
described in section ISTTl of this thesis. Those early experiments indicated that 
while weak Brill waves disperse to leave fiat space behind, sufficiently strong 
ones collapse to form a black hole. Abrahams and Evans ^1 12] looked closer 
at the threshold of black hole formation and found what is known as critical 
behaviour in gravitational collapse. 

Critical behaviour was first discovered by Choptuik , albeit for a very 
different system: the massless scalar field in spherical symmetry. Choptuik 
considered a one-parameter family of asymptotically fiat smooth initial data. 
Let be the critical value of the parameter p separating dispersal of the 
field and black hole formation. For slightly supercritical evolutions, Choptuik 
found a scaling relation for the mass of the black holes formed. 



where the critical exponent 7 appeared to be independent of the particular 
family of initial data chosen. Note the similarity of (jl.lj) with the scaling 
relations found in thermodynamic phase transitions. Moreover, the critical 
solution Z* appeared to be universal, i.e., independent of the initial data, 
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and discretely self-similar with echoing exponent A: 

Z*{x,r) = Z*{x,T + A) , x = r/{-t), r = -\n{-t) . (1.2) 

(Here r is an areal radial coordinate and t is proper time of the central 
observer such that t = coincides with the accumulation point IID]-) For a 
review of critical phenomena in gravitational collapse see Gundlach 

Abrahams and Evans found the same type of critical behaviour as de- 
scribed above (commonly referred to as Type II) in Brill wave collapse and 
estimated the constants 7 and A. This is important because it suggests that 
critical behaviour is a property of general relativity alone rather than of the 
specific matter model used. It would be important to confirm their calcula- 
tion, possibly with greater precision and longer run times (only ^ 4 echos of 
the critical solution were tracked in which has not been done yet as far 
as I can determine. In addition, Abrahams and Evans have only considered 
the case in which the Killing vector is hypersurface-orthogonal. The formal- 
ism presented in this thesis does not rely on that restriction, and it would be 
interesting to see how a nonzero twist might influence the critical behaviour. 

Even if our code is not yet capable of addressing these questions quan- 
titatively, we have come across a variety of problems along the way which 
appear to be ubiquitous in current research in numerical relativity. This 
thesis documents our efforts towards a solution of those problems. 

1.6 Outline of the thesis 

We begin by deriving the regularity conditions that various axisymmetric 
tensor fields must obey on the axis (chapter ^ . This will be used through- 
out the thesis in order to cast the equations to be solved in a regular form. 
The evolution formalism that forms the basis of all later developments, the 
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(2+l)+l formalism, is derived in chapter El The numerical methods we use 
are described in chapter 01 We then construct in chapter a first evolution 
system that uses elliptic gauge conditions and (partially) constrained evolu- 
tion. Some preliminary results on the simulation of Brill waves are presented. 
To my knowledge, this is the first time twisting Brill waves have been evolved. 

The remainder of this thesis is concerned entirely with a strongly hy- 
perbolic formulation of the Einstein equations for axisymmetric spacetimes. 
This so-called Z(2+l) + l system is derived in chapter |H1 By a careful choice 
of variables we write the equations in a form that is well-behaved on the axis, 
which is one of our main results. Exact solutions of linearized theory are con- 
structed in chapter [7| and are used in order to demonstrate the accuracy of 
our numerical implementation. Chapter |H1 is concerned with various ways of 
imposing boundary conditions at the outer boundaries of the computational 
domain. Their stability is analyzed both analytically and numerically. AMR 
evolutions of strong Brill waves close to the critical point are presented in 
chapter ini including twist. We conclude and give an outlook on future work 
in chapter ITTH 

1.7 Notation and conventions 

The Einstein summation convention is used for tensor indices, i.e., repeated 
indices are summed over. Round (square) brackets enclosing tensor in- 
dices denote (anti-)symmetrization, i.e., T(^a/3) = ^(^«/3 + T/^a) and T[a/3] = 
\(Ta/3 — Tpo)- Ordinary (partial) differentiation is denoted by a comma (,). 
Sometimes the comma is left out if no ambiguity arises, e.g., fa = f,a for a 
scalar /. 

We use a Lorentzian metric of signature ( — h ++). Our curvature con- 
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vention is 

Rap^Sv' = 2\/laVp]V^ . (1.3) 

Geometric units are chosen, in which Newton's constant G and the speed of 
hght c are equal to 1 so that k — Stt in Einstein's equations 

Gap^KT^p. (1.4) 



Chapter 2 

Implications of axisymmetry 



Many problems with axisymmetry arise from the fact that the coordinate 
system adapted to the symmetry, cyhndrical polar coordinates, is singular 
on the axis of symmetry. As a consequence, axisymmetric tensor fields that 
are regular on the axis (in a sense made precise below) may take strange 
forms when expressed in those coordinates. In this chapter, we derive the 
regularity conditions that various axisymmetric tensor fields must obey on 
the axis. 

We want to use a {t, z, r, </?) chart adapted to the Killing vector ^ = d/d^p. 
We shall assume elementary flatness: in a neighbourhood of the axis we can 
introduce local Cartesian coordinates = (x, y) such that 

x — rcosif, y — rsinu) <(=^ r — a/x^ + y^, </? = arctan — . (2.1) 

X 

Note that the Cartesian chart is regular on the axis r = 0, while the polar 
chart is not. With respect to Cartesian coordinates, the Killing vector is 

This representation is valid everywhere, while ^ = d/d(f is valid only for 
r > 0. 
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We say that a tensor field T is regular on axis if its Cartesian components 
liave a Taylor expansion with respect to x and y about a;^ = convergent in 
some neighbourhood of r = 0. (Throughout this chapter we are ignoring t 
and z dependencies, which are implicit in all calculations.) It is axisymmetric 
if its Lie derivative with respect to the Killing vector vanishes, 

C^T = 0. (2.3) 



2.1 Functions 

Let us start with an axisymmetric function / that is regular on axis. Axi- 
symmetry implies that 

k = CJ = -yf^, + xf,y = 0, (2.4) 

which is valid everywhere. In particular, we may differentiate ()2.4j) an arbi- 
trary number of times with respect to x and y and require all the derivatives 
to vanish on axis: 

k^x -^fjXy y f ,xx f,y f,y , 

yf,xy f,x ~l~ •^f,yy f,x , 

k^xx '^f,xy yf,xxx ~l~ -^f ,xxy ^ f ,xy ; (2'^) 
k^xy •^f,xyy yf,xxy f ,xx ~l~ f ,yy f ,xx f ,yy ~ j 

k,yy y f,xyy '^f,xy "^fjyyy 

where = denotes equality on axis. We find that the Taylor expansion of / in 
a neighbourhood of the axis has the form 

oo „ 

/ = E(5ty!(-^ + !'T. (2.6) 
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i.e., / is an even function of r: 

f = f{t,zy). (2.7) 

2.2 Vectors and covectors 

Next consider a vector field m". For a = {t, z), C^u"' = implies du°'/d(f = 0. 
This reduces to the scalar field case and we may deduce u"' = ^"(r^). For 
and we have 

^...^0, ,2.8) 
The general solution for r > is 

■u^ = a(r) cos V9 — 6(r) sin yj, = a(r) sin;/) + 6(r) cos (2.9) 

However in the Cartesian chart, ()2.8|) takes the form 

-I/m'^,^ + xm'^^j, + = 0, -yu^^^ + xu^^y-u'' = 0. (2.10) 

Setting = we see that u"^ = on axis. We may thus write a = ra, b = rb 
so that ()2.9|1 becomes 

= xa — yb, = ya + xb. (2-11) 

We now regard a and b as unknown functions of x and y to be determined by 
substituting 1)2.111) into ()2.10|) . differentiating the latter an arbitrary number 
of times, and then solving the recurrence relations for the Taylor coefficients 
of a and b. Again we find that a and b are even functions of r. Finally, the 
polar components of u are obtained from ()2.11|) as 

= -^u^ = rair') , «^ = = ^(r^) . (2.12) 
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Thus in the (t, z, r, (p) chart an axisymmetric vector field which is regular on 
axis must take the form 

u'' = {A,B,rC,D), (2.13) 

where A, B, C and D are functions of t, z and r^. 

Next consider an axisymmetric covector field uJa which is regular on axis. 
For a = {t, z), C^Ua = implies dua/dip = 0. This reduces to the scalar field 
case and we may deduce Ua = co'a(r^). For the other indices we find 

-yujx,x + xujx,y + ujy = 0, -yuy^x + xuy^y - ujx = 0, (2.14) 

which is equivalent to ()2.1()j) . interchanging and uja- We therefore deduce 
the analogue of ()2.11|) and hence, in polar coordinates, 

uja = iA,B,rC,r^D), (2.15) 

where A, B, C and D are functions of t, z and r^. 

2.3 Symmetric 2-tensors 

Finally we consider a symmetric valence 2 tensor field M^p which is both 
axisymmetric and regular on axis. For (a, h) = {t, z) we have C^Mat = and 
so Mab = Mafe(r^). The mixed (aA) components obey the Killing equations 

-yMax,x+xMax,y + May=0, -yMay,x + xMay,y - Max = 0- (2.16) 

This is essentially the same as ()2.14|1 and we may deduce Mar = rAair"^) and 
Ma^ = r'^Ba{r'^). The remaining Killing equations are 

-yM^^^^ + XM^^^y + 2M^y = 0, -yMyy^^ + XMyy^y " 2M^y = 0, 
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-yM^y^^ + XM^y^y + Myy " M^^ = . (2.17) 

If we introduce new variables u = \{Mxx + Myy), v = \{Mxx — Myy) and 

~yu^x + xu^y = (2.18) 



w = Mxy then 



which imphes u = u{r'^). The remaining equations are 

—yv,x + XV ^y + 2w = 0, —yw^x + xw^y — 2v = 0. (2.19) 
For r > these can be written as 

V ^ + 2w = 0, w,^ -2w = 0, (2.20) 

so that 

f = a(r) cos 2^9 — 6(r) sin 2^9, w = a(r) sin 2^9 + 6(r) cos 2^9, (2.21) 

where a and b are arbitrary functions of r. But ()2.19|) and its first derivatives 
imply that v, w and their first derivatives vanish on axis so that we may set 
a = r'^a and b = r% to obtain 

V = {x^ - y'^)a - 2xyb, w = 2xya + (x^ - y'^)b. (2.22) 

Substituting (jT^ into ^TT^ gives 

x^a^y - x^y{a^x + 26,^^) - xy'^{a^y - 2b^x) + y^a^x = 0, 



X 



\y + x%i-bx + 2ay)+xy^i-2ax-by)+y\x= 0. (2.23) 



Differentiating these many times and proceeding as in the scalar and vector 
cases, we conclude that a and b are functions of r^. Thus 

Mxx = M + (x^ — y'^)a — 2xyb, Myy = u — (x^ — y'^)a + 2xyb, 
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xy 



2xya + (x^ — y^)b . 



(2.24) 



Re-expressing these as polar components we obtain 



(2.25) 



Finally combining all of the results we have 

/ A 



M, 



a/3 



B rD 
B C rE 
rD rE H + r'^J 



r^F 
r^G 
r^K 



(2.26) 



y r^F r^G r^K r'^{H-r^J) J 

where A, B, . . . , K are functions of t, z and r^. 

One should remark that one could relax our definition of regularity on 
axis. If we only required functions to be C°, vectors and covectors to be 
and 2-tensors to be in a neighbourhood of the axis, the above analysis 
would still go through and we would arrive at the same regularity conditions. 
However, the coefficients A, B , . . An ()2.13j) . ()2.15j) and ()2.2fi|l would then only 
be continuous and not necessarily even functions of r. For numerical purposes 
of course, it is not unduly restrictive to assume analyticity if the solutions 
are smooth. 

Summarizing, we have derived the regularity conditions that axisymmet- 
ric functions ()2.7p . vectors ()2.13|) . covectors ()2.15|) and symmetric 2-tensors 
()2.26|) must obey in order to be regular on the axis of symmetry. Note 
in particular the subtle relation between the (rr) and (ipf ) components in 
()2.26|) . If a numerical evolution scheme fails to preserve precisely the indi- 
cated r-dependencies then the fields become irregular on axis and instability 
is inevitable. In chapters El and IHl we will use the regularity conditions in 
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order to cast reductions of Einstein's equations into forms that are free of 
any divergencies on the axis. 



Chapter 3 



The (2+l) + l formalism 

Quite generally, the existence of a symmetry can be used to reduce the di- 
mensionality of the problem under consideration. This should be exploited 
whenever possible in order not only to simplify the problem mathematically 
but also to save computational resources when attempting a numerical solu- 
tion. 

We shall see how in the case of axisymmetry, the Einstein equations 
can be reduced from four- dimensional spacetime to a three-dimensional 
Lorentzian manifold M (section This was first performed for vacuum 

spacetimes by Geroch jHS], although the original idea goes back to the famous 
papers by Kaluza [HH] and Klein [Sn]. We extend the reduction to include 
general matter sources. 

The three-dimensional Lorentzian manifold M then undergoes an ADM- 
like decomposition (cf. |T2] for the standard 3 + 1 version), i.e., it is foliated 
into level surfaces of a time function (section l3.2|l . The Einstein equations 
split into elliptic constraint equations to be solved within the hypersurfaces 
and hyperbolic evolution equations governing the evolution normal to the 
hypersurfaces, making the problem suitable for numerical simulations. This 
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Figure 3.1: The manifold 

procedure was first applied in this context by Maeda et al. |l()()j and is 
commonly referred to as the (2+1) +1 formalism. 

We use energy-momentum and number conservation to derive evolution 
equations for the matter variables in this formalism (section l3.3j) . No partic- 
ular matter model is chosen at this stage. 

We mainly follow the notation of Maeda et al. |lUUj with some clearly 
stated changes. In the following, Greek indices range over t, r, 2;, (^9, lower-case 
Latin indices over t, r, z, and upper-case Latin indices over r, z. 

3.1 The Geroch decomposition 

Spacetime is assumed to be a four-dimensional manifold {M.,gai3) with sig- 
nature ( — h ++) and a preferred polar coordinate chart (t,r,z,ip). Axi- 
symmetry means that there is an everywhere spacelike Killing vector field 
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^ = 8/ dip with closed orbits. Let M be the collection of the orbits of ^. 
We assume that A/" is a differentiable 3-manifold and that there is a smooth 
mapping from M. into M mapping a point in to the orbit passing through 
it. 

Geroch [^3] has shown that there is a one-to-one correspondence between 
tensor fields M'°'"/3... in M and tensor fields M""'^... in M. that are both 
orthogonal to the Killing vector, 

M"-^..i^ = M"-^..i„ = ... = 0, (3.1) 

and axisymmetric, 

^^M'"-^ =0. (3.2) 

As a shorthand, tensors satisfying these conditions are said to be in M . 
Some basic tensor fields in M are the norm of the Killing vector 

\^ = gapCi^>Q, (3.3) 
the (Lorentzian) metric in A^, 

haP = ga/3 — A~^^Q,^/3 , (3.4) 

the Levi-Civita tensor 
and the twist vector 

uJa = e^^^s^^V^^', (3.6) 

which encodes the rotational degrees of freedom. Here V is the covariant 
derivative of gap- The covariant derivative D associated with hap is obtained 
by projecting V into Af, 

Dy = K^h/V^ {h.^v") . (3.7) 
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The Riemann tensor of is denoted by ^^^Rap-ys- 

We wish to reduce Einstein's theory in to a set of equations that only 
involve tensor fields in A/". Starting with the Ricci identity in A/", 

D[^Dfs]Vy = l(^'>R^f,^sv', (3.8) 
we evaluate the left- hand- side using the definition of D ()3.7p to find 

^^^Ral3jS = h[a'^hi3]''h[^^hsf [^"^^R^upa + 2A"^ {Q p,uQ pa + Qp,pQvo)\ , (3.9) 

where the four-dimensional Ricci identity has been used to produce the Rie- 
mann tensor ^^^Ra/s-fS of A4. The quantity Qa/s = Vq,^/3 = V[a^f3] can be 
expressed as 

Qal3 = l^'^^a/S-ysV^^ " 2A"-^^[aA/3] . (3.10) 

Contracting ()3.9|) with h^^ and using ()3.10p we obtain 

=± (^)i?a7 + X'^D^D^X + \X-^ {uJ^Uy - KyUJ^Ur) . (3.11) 

Here and in the following, the symbol _L means projection of the free indices 
with h, and an index ^ denotes contraction with ^. 

Some more equations are needed in order to reflect all the Einstein equa- 
tions of the original manifold M.. Taking the curl and divergence of ()3.6j) . 
we obtain, respectively, 

D^^up^ = Xe^fsy ± (3.12) 

and 

D^cj" = 3A-^A,„cj", (3.13) 
where we have used (I3.10j) and a standard identity for Killing vectors, 

VaVf,^, = '^^^RsaP,^'. (3.14) 
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Finally, applying D"^ = D'^D^ to ()3.3|) . we obtain 

D^X = -^X-^uj^u'' - X-^'^^^R^^ . (3.15) 

Next, we include an energy-momentum tensor Tap, which is decomposed 
into 

r = X-^eCT,u, 

Ta = X-^KTT^u, (3.16) 

(The powers of A included in the above definitions differ from the ones in 
|l()()j . Our choice guarantees that r and Tq, have the correct small-r behaviour 
of scalars ()2.7|) and covectors ()2.15|) . Note that A = 0(r) near the axis.) It 
follows from axisymmetry 

Ci^Tap = (3.17) 
that the fields r, Tq and Tap are in Af. The Einstein equations 

^^^Rap = ^^{Tap-lTgap) (3.18) 

can be used to express the projections of the Ricci tensor in terms of those 
of the energy-momentum tensor, 

-L ^'^^RalS = K [Tap - \haP {t + T^i^)] , 

±^^^Ra^ = nX^Ta, (3.19) 

= i«:AMr-V). 
Inserting ()3.19|) into ()3.11fin^ and ()3.15|) . we arrive at the Geroch- 
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Einstein equations 

'^^^Rab = [Tab " \hab {t + Tc")] + |A"^ {UaUJb - habUJ^Uc) 

+\-'X\ab, (3.20) 

(^[a\b] = -nX^eabcT", (3.21) 

(AV)|, = 0, (3.22) 

A|/ = -iA- W - |«:A (r - r/) . (3.23) 



Here | stands for the covariant derivative D. All terms in ()3.20flT^Hj) are in 
A/", which justifies the use of lower-case Latin indices ranging over t, r and z 
only. 

Geroch (^3] has also shown how the original four- dimensional manifold 
{Ai,gai3) can be recovered from the three-dimensional manifold (A/", hab) and 
the fields Ua and A. To begin with, choose an arbitrary four-dimensional 
manifold Ai along with a nowhere- vanishing vector field ^ = d/d(f on A4. 
Consider the following skew 2-form in Af: 

F,, = -\\-^tabcOO-. (3.24) 

By equation ()3.22|1 . it is curl- free: 

e'^''DA = ^. (3.25) 

If we pull it back to A4, we obtain a curl- free 2-form Fap because the pull- 
back commutes with differentiation. By Frobenius' theorem there exists a 
covector field rjp such that 

d[ar]p] = Faf3 ■ (3.26) 

There is a gauge freedom 

Va^ Va + dacr (3.27) 



CHAPTERS. THE (2+1) +1 FORMALISM 

for an arbitrary function a. We exploit the (/^-dependence of a to set 
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1. 



(3.28) 



Next we define 



gap = hat3 + X VaVfl 



(3.29) 



so that ^Q, = gai3^^ = X'^Va and hence 



(3.30) 



as desired. It can be verified from ()3.10|) that 



(3.31) 



i.e., that ^ is a Kilhng vector of gap- It is not clear how to implement this 
procedure numerically, and indeed there is no need to do so. All physically 
interesting quantities in M. have their counterparts in M and so we choose to 
work entirely within M . For instance, it suffices to know the variables in M 
in order to form the Newman-Penrose scalar \l/4 containing the gravitational 
wave information (see section 18.31 for an explicit derivation of ^^o; the '^^ 
calculation is similar). 



Following the standard ADM ^2] procedure, a time function t is introduced 
and the three-dimensional manifold M is foliated into two-dimensional space- 
like hypersurfaces S(t) of constant t. The future-directed unit timelike nor- 
mal to the hypersurfaces is 



3.2 The ADM decomposition 



Ua = -a dat 



(3.32) 
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Figure 3.2: The ADM setup 

normalized such that nau"" = —1. Here a is the lapse function, which de- 
scribes the amount of proper time elapsing when passing from one hyper- 
surface to a nearby one S(t + dt). The direction of time is not unique, 
however: the spatial coordinate origin in T,{t + dt) can be shifted with respect 
to the origin in by an arbitrary shift vector (3^ (figure IT^ . 

t» = an" + (3.33) 

The induced 2-metric on the hypersurfaces S is 

Hab = hah + naUh , (3.34) 

satisfying Hahn^ = 0, i.e., it is indeed a tensor in S and can thus be written 
as Habi where capital Latin indices A,B run over r and z. With those 
definitions, the line element of M takes the form 

ds^ = -a^dt^ + Hab (dx^ + (5^dt) [dx^ + p^dt) . (3.35) 
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How the hypersurfaces are imbedded in M is described by the second 
fundamental form or extrinsic curvature 

Xab = —HaHifn{^c,\d) = —^^nHab , (3.36) 

which because of ()3.33|1 is essentially the time-derivative of the 2-metric. 

The Riemann tensor ^'^^Rabcd in ^(t) is related to the one in J\f by the 
well-known Gauss- Codazzi equations 

-L ^^^Rabcd = ^"^^Rabcd + XacXbd - XadXbc , (3.37) 
-L ^^^Rabcu = Xac\\b — Xbc\\a , (3.38) 

where _L means projection of the free indices with H, and an index n stands 
for contraction with n. The symbol || denotes the covariant derivative d of 

Hab, 

dy = H,'H/D, {H/v') . (3.39) 

The derivation of ()3.37|) and ()3.38|) is completely analogous to the reduction 
of ^^^R to ^^^R presented in the previous section. The projections of the 
three-dimensional Einstein tensor 

= - l^'^Rhab (3.40) 

are found to be 

^'^Gnn = 2^'^Rnn + ^'^R=\{^'^R+{XA^?-XABX^'') . (3.41) 

± (3)^^" = X = (-x^^ + H^^xc"") . (3.42) 

The above two equations form so-called constraint equations on the hypersur- 
faces S(t) because they do not involve any time derivatives. ()3.4ip is called 
the Hamiltonian or energy constraint, and ()3.42j) are the momentum con- 
straints. Let us also calculate the time derivative of the extrinsic curvature. 
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Using the Ricci identity, 

^NXAB = a ± ^^^RAnBn " O^XACXb'^ " tt||AB , (3.43) 

and decomposing the Riemann tensor using the Gauss-Codazzi equations 

CnXAB = - ± + + Xc^'xab) - 2xacXb'' 

-a'^a\\AB ■ (3.44) 

Equations ()3.3(ij) and ()3.44j) form a set of evolution equations for the 2-metric 
and extrinsic curvature. 

We are now ready to insert the results of our 2 + 1 decomposition into the 
Geroch-Einstein equations ()3.2()ll3.2T?|l . The trace of the extrinsic curvature 
is abbreviated as x = Xa"^- Further variables defined in each S(t) are the 
alternating symbol 

^AB = n^ecAB , (3.45) 
the (v99?)-component of the extrinsic curvature, 

K^^ = -\-'n''Xa , (3.46) 

and the projections of the twist vector, 

E^ = X-h^'uJb, (3.47) 
B"^ = X-'^Uaur (3.48) 

(Again, the last two definitions differ from those in |l()()j by factors of A. This 
ensures that E"^ has the correct small-r behaviour of a vector ()2.13p . Our 
i?*^ is 0(r) on the axis, which is easier to enforce numerically than the O(r^) 
behaviour of in |l()()j ). The various projections of the energy-momentum 
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tensor are 

PH = rfn\ah, (3.49) 
J A = -HA^n^Tah. 
Sab = HA°'HB^Tab , 

and, of course, r defined in ()3.16|) . 

The constraint equations. Inserting the Geroch result ()3.20|) for ^^^Rab 
into the constraint equations ()3.4H ItT^^ . we obtain 

-iA2 {EaE^ + B^^) -KpH = 0, (3.50) 
Ca = Xa''\\b-{x + K/),a + X-'X''xab-X-'XaK^'' 

-\\'^B^eABE^ -kJa = 0. (3.51) 

The Geroch equation ()3.2H) forms an additional constraint equation, which 
we call the Geroch constraint: 

C^ = IE^\\a + IX-'XaE'^ - = 0. (3.52) 

Hence there are four constraint equations, as in the standard 3 + 1 ADM 
decomposition. 

The evolution equations. These are expressed in terms of the Lie deriva- 
tive along the normal lines, which by ()3.33|) is 

Cn = a~^dt-Cp. (3.53) 
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Definitions ()3.36|) and ()3.46p form evolution equations for the 2-metric and 
the norm of the Kilhng vector, 

CuHab = -2XAB, (3.54) 
£„A = -Air/. (3.55) 

In the evolution equation for the extrinsic curvature ()3.44|1 . we substitute 
(fT^ for ^^'^Rab to obtain 

jCnXAB = ^"^^Rab - A""^Aa||B - a~^aA\\B 

+ (X + K^nXAB - 'ixA^XcB (3.56) 

[eAceBoE^E^ - Hab [EcE^ - B^^)] 
-K [Sab + \Hab {ph - Sc'^ ~ t)] ■ 
The Geroch equation ()3.23p can be rewritten as 

£„ir/ = -\-^\^^^^-{a\y^\Aa^ + K/{x + K/) 

-iA2 [EaE^ - B^^) - \k [ph - Sa^ + r) . (3.57) 

Finally using ()3.22|) together with ()3.23p . we obtain the following evoluton 
equations for the twist variables, 

£„E^ = e^^5% + (x + 3ir/)E^ 

+e^^[a-^aB + 3A"Ub)5^ - 2/€^^ , (3.58) 

UB"^ = e^'^'EAWB + xB'' + a-\^''EAaB. (3.59) 

Equations ()3.52j) and ()3.58riH3^ are remarkably similar to the axisym- 
metric Maxwell equations for an E field in the (r, z) plane and a B field in 
the if direction, which justifies the notation: 

V-E = p, (3.60) 
dtE = VxB+j, (3.61) 
dtB = -VxE. (3.62) 
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This is not surprising, of course, as the original Kaluza-Klein theory IHl] 
was designed to incorporate electrodynamics into four-dimensional general 
relativity by assuming an additional compactified spacelike dimension. 

3.3 Matter evolution equations 

Evolution equations for the matter variables can be obtained from energy- 
momentum conservation 

V^T"'^ = . (3.63) 
In our case, the energy-momentum tensor T"^ is also axisymmetric. 

First we decompose with respect to the Killing vector ^" (Geroch 
decomposition), 

rj^ap ^ x-^C^'^r + 2r("^'3) + r"^ , (3.65) 

where r, and r"^ were defined in ()3.16|) . Contracting ()3.63|) with ^/3, we 
obtain the following conservation law in J\f, 

D4AV) = 0, (3.66) 

and projecting ()3.63|1 with hp'^ yields 

D^iXr^') = A-UV - X-'e"^\uJd . (3.67) 

Next we decompose r"'' further with respect to the unit timelike normal 
Ua (ADM decomposition), 

r"^ = p^n^'n'' + 23^^71^^ + S"^ , (3.68) 
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where pu, J"^ and 8°"^ were defined in ()3.49|) . Contracting ()3.67|) with n^, we 
obtain an evolution equation for p//, 

+K/{t + ph) + \^E^Sa, (3.69) 
and projecting ()3.67|) with H^^^ yields an evolution equation for J^, 

-a-^aAPH + A-^Aat + X^iEAJ"" + cab^^^'^) . (3.70) 

Equation ()3.66|) can be rewritten as an evolution equation for J*^ (also defined 
in (HH), 

C^J^ = -S^\\A - S^{a-^aA + 3A-iAa) + J^{x + Si^/) . (3.71) 

We recognize in the above the general relativistic version of the Euler equa- 
tions: ()3.(i9|l expresses energy conservation, ()3.7()j) linear momentum conser- 
vation and ()3.7H) angular momentum conservation. 

In some situations (e.g., for a perfect fluid) there may be a conserved 
particle number density satisfying 

V^AT" = (3.72) 

and which is also axisymmetric, 

/:^iV° = 0. (3.73) 

Again, we can obtain an evolution equation from ()3.72|1 by performing the 
same dimensional reductions as above. First we decompose with respect 
to the Killing vector (Geroch decomposition) 

iV" = A-^r^^ + , (3.74) 
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where we have defined 

V = ^^AT" (3.75) 

and 

z/" = /i°^iV^ . (3.76) 

It follows from axisymmetry ()3.73|) that v and z/° are in M . Particle number 
conservation ()3.72j) can be expressed in Af as 

D„(Az/'^)=0. (3.77) 

Next we decompose i/" with respect to the unit timelike normal (ADM 
decomposition), 

i/'^ = nV + S% (3.78) 

where we have defined 

a = -UaU^ (3.79) 

and 

S'^ = ff%z/\ (3.80) 
From (j3.77|l we obtain an evolution equation for a, 

Cna = -S^M - ^^{a-'aA + X'^Xa) + a{x + K/) . (3.81) 



So far we have not chosen any specific matter model. In appendix ^ a 
perfect fiuid is discussed. For the main part of this thesis, however, we will 
focus on vacuum spacetimes. 



Chapter 4 



Numerical methods 



We have seen in the previous chapter that the Einstein equations spht into hy- 
perbohc evolution equations and eUiptic constraint equations when an ADM 
(or "space + time") decomposition is apphed. In this chapter we describe 
the numerical methods we use to solve these two classes of PDEs. 

The basis for all the methods is the finite difference technique, which 
is briefly described in section 14.11 along with the ghost cell technique for 
implementing boundary conditions. 

The basic framework we adopt for solving the hyperbolic evolution equa- 
tions is the method of lines fsection f4.2p . We explain the properties of explicit 
Runge-Kutta and iterative Crank-Nicholson schemes and briefly comment on 
the use of numerical dissipation. 

We then turn to elliptic equations and describe the Multigrid method 
(section 14. 3|) . starting from linear scalar equations in one dimension and 
extending the algorithm to nonlinear problems, systems of equations and 
multidimensions. 

Some alternative methods for hyperbolic and elliptic PDEs and their 
apphcability to our problem are discussed in section 14.41 
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Finally, we describe the adaptive mesh refinement technique for hyper- 
bolic PDEs in section 14. 5[ pointing out some of the changes we have made 
to the algorithm. 

4.1 The finite diff^erence technique 
4.1.1 The numerical grid 

The spatial domain we evolve is a finite rectangular region in the (r, z) plane, 

= [0, Tinax] X [0, Zmax] • (4.1) 

We restrict ourselves to the upper half of the (r, z) plane {z ^ 0) because we 
will impose refiection symmetry about z = for all the numerical evolutions 
carried out in this thesis. (This is not an essential restriction and one could 
equally well work with a general domain that extends into the lower half of 
the (r, z) plane.) 

The numerical domain is covered by an equidistant grid with grid points 
(rj, Zj), where 

ri = (i-i)/i, l^ii^Nr, (4.2) 
z^ = {j-l)h, l^j^N,. (4.3) 

Here Nr and A^^ are the number of grid points in the r and z direction and 
the grid spacing h is the same in both dimensions. 

In all applications, we choose rmax = -^max and hence Nr = = N. The 
Multigrid method (section 14. 3|) further requires that be of the form = 
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k X 2'~^, where / is the number of Multigrid levels and k is the size of the 
coarsest grid. 

Note that the first grid point in the r direction is at r = h/2, not at r = 0. 
Thereby we avoid dividing by zero in terms formally containing factors of r~^. 
The grid points (rj, Zj) can also be viewed as the centres of the cells 

C,, = [{t~l)h,zh]x[{j-l)h,jh], (4.5) 

which cover the entire spatial domain Q. For this reason, we call the type 
of grid we use a cell-centred one. Using such a grid has certain additional 
advantages if matter is included, for example in the form of a perfect fluid. 
This is usually evolved using the finite volume technique (e.g., [HZI), where 
the solution is represented by the cell averages in the cells Cij. 

4.1.2 Centred finite difference operators 

The vacuum equations, however, are discretized using the finite difference 
technique. Thereby continuum functions u{r, z) are represented by their 
values Uij at the grid points (r^, Zj). Differential operators are translated into 
finite difference operators acting on the discrete grid function. These can be 
derived by means of Taylor expansions: as an example, consider 

Mi+lj = Uij + h{u^r)ij + 0{h^) , 
= Uij - h{u^r)ij + 0{h^) , 
^ = ^(wi+ij - + 0{h?) . (4.6) 

All the finite-difference operators we use are centred and second-order accu- 
rate in the grid spacing, as in the above example. The first-order derivatives 
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are represented by 

U,r - ^-^i-lj) 5 (4.7) 

U,z ^(Wij+i - , (4.8) 

(r-^n),^ ^ jfl{r~l^Ui+ij - r;}^Ui^ij) . (4.9) 

The second-order finite differences needed for tlie liyperbolic-elliptic system 
(chapter El) are 

U,rr ^{Ui+lJ - 2Uij + Ui^ij) , (4-10) 

u,zz -^{uij+i - 2uij + Uij-i) , (4.11) 

U,rz -^{Ui+l,j+l — Ui^ij-i — Ui-ij+i + Ui-ij-i) , (4.12) 

{r-^U^r),r 4^2 K"+l(«i+2,i " Uij) - r-\{Uij - Ui^2,j)] ■ (4.13) 



4.1.3 The ghost cell technique 

Boundary conditions are implemented using the ghost cell technique. Ghost 
cells are unphysical cells just outside the numerical domain. We add two 
layers of ghost cells at each boundary, at 

'"O = ~f 5 1^Nr+l = '"max + f ; 

r-i = -f, r^.+2 = W+f, (4.14) 

and similarly in the z direction. The ghost cells are filled with values ac- 
cording to the boundary conditions that one would like to impose. The same 
finite difference operators can then be applied at all interior points, without 
having to modify them close to the boundaries. Two layers of ghost cells 
are required because the stencils we use have a width of up to 5 grid points 
(the second-order derivative ()4.13|1 and the fourth-order dissipation operator 
()4.fi4|) have width 5). 
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In order to implement a Neumann condition 

M,r|r=0 = 0, (4.15) 

we note that 

U^r{0, Zj) = j^{uij - Uoj) + 0{h^) 

= 3^(M2,-n_i,,) + 0(/i2), (4.16) 
so that we choose the values of the ghost cells to be 

UQj = uij , u-ij = U2j . (4-17) 
For a Dirichlet condition 

u\r=o = (4.18) 

we note that 

m(0, Zj) = ^{uij + Uoj) + 0{h^) 

= i(M2, + M_i,,)+0(/i2), (4.19) 

so that we need 

UQj = -uij , u_ij = -U2j . (4.20) 
For linear extrapolation at r = rmax, we set 

UN,.+l,j = '^UNrj - UNr-l,j , UNr+2,j = 2UN,.+I,j - UNrj ■ (4-21) 

The differential boundary conditions used in this thesis (the "1/i? fall-off" 
condition ()5.82|) and the differential boundary conditions for the incoming 
modes in chapter IH} can be written in the general form 



U,r + f,z + S = 



(4.22) 
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where / and s may depend on u. (This is sometimes called a Robin condi- 
tion.) To implement ()4.22|1 at the outer r boundary, we use the discretization 

i{UNr + l,j - UNrj) + jh{fNr,j + l " fNr,j-l) + SNrj = , 

Jh{uNr+2,j - UN^j) + ^(/JV,J+1 - /jV,,j-l) + SN,.j = (4.23) 

(except at j = 1 and j = N^, where the 2;-derivatives are replaced with 

j;{fNr2 - fNrl) , iifNrN, " fNr,N,-l) , (4.24) 

respectively). Hence the ghosts are filled with 

UNr + l,j = UNrj - l{fNr,j + l - fNr,j-l) - hSNrj , 

UNr+2,j = UN,j - (/at.j+I - fNr,j-l) - "^hSNrj ■ (4-25) 

This discretization is only first-order accurate because a one-sided deriva- 
tive is used in the r direction. We have also tried a second-order accurate 
discretization 

Jh{UNr + l,j - UNr-l,j) + ^(/iVr,j + l " fNr,j-l) + ^Nrj = , 

Jh{uNr+2,j -UNr-2j) + JuifNrJ+l- fNr,j-l) + SNrj = 0, (4.26) 

but this turned out to be less stable in some cases fsection lHTj) . 

The implementation of the boundary conditions at 2; = and z = Zmax 
follows by symmetry. 

We fill the ghost cells at each step of the time integration scheme discussed 
in the following section. This is crucial for the on-axis boundary conditions 
- if these are not enforced at all stages of the algorithm, instabilities quickly 
develop. 
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The basic framework we adopt in order to integrate the hyperbohc evolution 
equations forward in time is the method of lines (MOL) |123j . The basic 
idea is to finite-difference the spatial derivatives of the PDE as described in 
the previous section, leaving the time derivatives continuous. This leads to 
a coupled set of ODEs for the time dependence of the variables u = {uij) at 
the spatial grid points, 

dtM = f (t, u) (4.27) 

(in our case, there is no explicit time- dependence on the right-hand-side but 
we include it here for generality). A suitable ODE integrator is then used to 
integrate these ODEs forward in time. 

4.2.1 Properties of Runge-Kutta and ICN schemes 

The ODE integrators we consider here belong to the class of explicit Runge- 
Kutta schemes. Given the unknowns u" at time t", these compute an ap- 



proximation u""*"^ at time t"'~^^ = + At in s stages as follows: 

ki = f(r,u-), (4.28) 

ks = f(r + C2At,u" + a2iAtki), (4.29) 

ks = f (r + csAt, u'^ + agi Atki + assAtka) , (4.30) 

ks = f (r + Csh, u" + a^i Atki + a^aAtka + . . . 

+a,,,_iAtk,_i) , (4.31) 

^n+i ^ + At(6iki + . . . + 6,k,) . (4.32) 
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Obviously a particular scheme is uniquely defined by the coefficients Ojj, bi 
and Ci, which are conveniently written as a tableau 














021 






C3 


Qsi 


^32 




Cs 




as2 ■ ■ 








b2 ■■ 


■ bs-i bs 



(4.33) 



The method is said to be pth order if 

for sufficiently smooth f . 

The simplest Runge-Kutta method is the Euler method 

u"+i = u" + Aif(r,u"), 

which is first-order and is represented by the tableau 





(4.34) 



(4.35) 



(4.36) 



Two second-order Runge-Kutta methods are given by the tableaux 
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(4.37) 



The first is known as the trapezoidal rule, the second as the midpoint rule. 
Two examples of third-order methods are 



(4.38) 
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The first is Heun's (third order) method, the second can be found in Shu and 
Osher |127j . Of the many known fourth-order Runge-Kutta methods we only 
state the most popular one: 
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3 6 



(4.39) 



For orders p > 4, it is no longer possible to construct a pth order method 
with s = p stages. For a survey of higher-order Runge-Kutta methods, see 
for example Butcher ^36 . 

A method that has become very popular in numerical relativity is the 
iterative Crank- Nichols on (ICN) method |133j given by 



ki 
k2 
k3 



f(r + iAt,u" + iAtki) 
f (r + iAt, u" + iAtka) 



(4.40) 
(4.41) 
(4.42) 



k, = f(r + iAt,u- + |Atk,_i), 
u"+i = u" + Atk,. 



(4.43) 
(4.44) 



In the limit s ^ oo this yields the well-known implicit Crank-Nicholson 
method 

The iterative version ()4.4Uffl7i^ can also be viewed |5S3 as an explicit Runge- 
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Kutta scheme with tableau 
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(4.46) 



The ICN method is always second-order accurate regardless of the number 
of steps s. 

To analyze the stability of the above ODE integrators, one applies them 
to the model equation 

dtu = Xu, A G C . (4.47) 
From the form of the general Runge-Kutta scheme ()4.28f^^?32|l it is clear that 



u'^+i = P(AAt)u" (4.48) 

for a certain complex polynomial P of degree s, the stability function of the 
method. Since ||u"+^|| = |P(AAt)| ||u"||, the numerical approximation will 
remain bounded if and only if 

|P(AAt)Kl. (4.49) 

The set 

S = {zeC : \P{z)\ ^ 1} (4.50) 

is called the stability region of the method. The Runge-Kutta schemes pre- 
sented above have the stability function 

Prkh(^) = 5^^ (4.51) 

n=0 
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Figure 4.1: Stability regions of the Runge-Kutta methods with s = 1,2,3,4 stages 
(from inward to outward) 

(the result is the same for all schemes of a given order s ^ 4 [32] )• The 
stability function of the ICN method is found to be 

PicnhW = 1 + ^5^(2) • (4.52) 

n=0 

Graphs of the stability regions are shown in figures 14.11 and 14.21 

As an example of the method of lines, let us consider the scalar advection 
equation in one spatial dimension, 

dtu + cd^u = , (4.53) 

where the speed c G M is a constant. Discretizing this in space using second- 
order centred finite differences, we obtain the system of ODEs 

Suppose we represent the numerical approximation as a superposition of 
Fourier modes (assuming periodic boundary conditions) 

= M(i^)e^^^^ , (4.55) 
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s — 5,6 s — 7,8 

Figure 4.2: Stability regions of the ICN method for iteration numbers 1 ^ s < 
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where we set ^ = urh. Inserting this into ()4.54|) yields 

9iii(i0 = -^f sinew(^0- (4.56) 

Hence the eigenvalues of the system ()4.54|) lie in the interval [—ih'-^Cjih'^c] 
on the imaginary axis. 

A method for integrating ()4.54j) will be stable iff this interval lies within 
the stability region of that method. Setting z = iq with g G M we find for 
the Runge-Kutta methods 

|PRK[i](^g)r-l = q\ (4.57) 

|PRK[2](^g)r-l = \q\ (4.58) 

\PKm{iq)?-l = j-,q\q'-3), (4.59) 

\PKmm'-^ = ^,q%q'-8). (4.60) 

Hence the stability regions of the first- and second-order schemes only touch 
the imaginary axis in the origin. For the third-order schemes, the boundary 
of the stability region intersects the imaginary axis at z = ±\^i, and for 
the fourth-order schemes at z = ±2v^^. We conclude that the first- and 
second-order Runge-Kutta methods are unstable for the advection equation 
discretized as in ()4.54|) . This result is well-known in the first-order case, which 
is identical with the FTCS (forward-time central-space) method. Setting A = 
±ih^^c for the extremal eigenvalues in ()4.49|) and thus z = XAt = ±ih~^cAt, 
we conclude that the third-order methods are stable iff 



At 



^V3, (4.61) 



and the fourth-order methods are stable iff 

At 



^2^2. (4.62) 
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,n+l 
'j 



At 



u 



Figure 4.3: The CFL condition. The thick sohd hnes mark the boundary of the physical 



domain of dependence. 

The restriction on the time step At as expressed in equations ()4.61fH?^^ 
is known as the Courant-Friedrichs-Lewy ( CFL ) condition, and the quotient 
At/h is called the CFL or Courant number. A simple interpretation of the 
CFL condition is that the time step must be chosen small enough such that 
the numerical domain of dependence (as given by the stencil Xj, Xj+i]) 

contains the physical domain of dependence (figure . 

A similar analysis for the ICN method shows that the method is always 
unstable for s = 1,2,5,6,9,10,... and stable for s = 3,4,7,8,11,12,... 
provided that 



Since neither the order of accuracy nor the size of the interval on the imag- 
inary axis contained in the stability region increase as s is increased, the 
optimal choice for s is s = 3. This was pointed out by Teukolsky I133| and 
confirmed with the method used here by Frauendiener [33]. Since the Runge- 
Kutta method with the same number of steps {s = 3) is third-order while the 
ICN method is only second-order, Runge-Kutta is always superior to ICN. 
For the numerical experiments presented in this thesis, we have chosen 



past domain of dependence of m" for the case c > 0, the thin solid lines the numerical 




(4.63) 
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the third-order Runge-Kutta scheme of Shu ()4.38b ). (Unhke the other third- 
order method ()4.H8b .) this is total variation diminishing (TVD) |127j . a prop- 
erty that plays an important role in avoiding spurious oscillations around 
shocks if a perfect fluid is evolved with the same time integrator.) We found 
that the fourth-order method ()4.39|) (although not TVD) has similar stabil- 
ity properties to ()4.38b ) for our system of equations. We decided not to use 
the fourth-order method because it is slightly more expensive^, and it does 
not improve the overall accuracy because the spatial accuracy of the finite 
differencing is only 2. 

4.2.2 Numerical dissipation 

For the scalar advection equation with periodic boundary conditions, we 
found that the system of ODEs ()4.27|1 solved in the MOL framework had 
purely imaginary eigenvalues. For more complicated (systems of) PDEs and 
in particular for non-periodic boundary conditions, this may no longer be the 
case. There may exist solutions that grow like exp{at/h) with a > 0. These 
are not present in the continuum problem but are a mere consequence of the 
spatial finite differencing. 

In many cases, these spurious modes can be eliminated by adding Kreiss- 
Oliger dissipation [ZSUHl] to the right-hand-side of ()4.27|1 . An example of a 
dissipation operator is 

{D4u)j = -j^h'^{uj^2 - 4Mj-i + Quj - 4mj+i + Uj+2) ■ (4.64) 
This operator has a Taylor expansion 

(D4m)j = -j^h%u"")j + 0{h^) . (4.65) 
^However, the fourth-order method has a larger stabihty region and thus permits a 
larger time step. 
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Because our finite-differencing is second-order accurate, the order of accuracy 
is not changed when adding D^u to the right- hand- side, 

dtu = f (t, u) + eoD^u . (4.66) 

Inserting a Fourier mode ()4.55p into ()4.64|) gives us 

D^uit^) = -h~^ sin^ I u{i^) . (4.67) 

We see that adding dissipation will decrease the amplification factor of high- 
frequency modes (^ close to vr). The same argument as above for the advec- 
tion equation shows that 

-J^^D <l (4.68) 

is needed for stability (the precise bound depending on the ODE integrator). 
In practice we mostly use 0.1 < cd ^ 0.5. 

Our numerical experiments indicate that a small amount of artificial dis- 
sipation is essential in order to avoid high-frequency instabilities that occur 
at very late times during the evolutions, particularly close to the boundaries. 
For a theoretical justification for a simple model problem see Oliger |1()7| p 
255]. 

We apply the fourth-order operator ()4.64|1 both in the r and the z direc- 
tion and add it to the right-hand-side of the discretized evolution equations 
at all interior grid points. In order to eliminate (or at least postpone) in- 
stabilities sometimes caused by outer boundary conditions of the differential 
type ()4.22j) . we have tried replacing ()4.64|1 with the second-order operator 

{D2u)j = \h-\uj+i - 2uj + Uj^i) = \h{u")j + 0{h^) . (4.69) 

This is only applied at the outermost layer of grid points. Since our dis- 
cretization ()4.2Hj) of the differential boundary conditions is only first-order 
accurate, the leading-order accuracy is again unaffected. 
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Solving elliptic equations is generally thought to be expensive because typi- 
cally 0{N'^) operations are required, where N is the number of grid points. In 
contrast, hyperbolic equations only require 0{N) operations per time step. 
However, the Multigrid method developed by Brandt [SO] gets away with 
0{N) operations and is thus competitive. This section serves as an intro- 
duction to this method. We begin by describing basic relaxation methods 
for elliptic differential equations and how the Multigrid idea can accelerate 
those methods significantly. We then generalize from linear to non-linear 
problems, systems of equations and two-dimensional problems. The first 
half of this section is mainly based on the book by Briggs et al. jHl], which 
gives an excellent introduction to Multigrid methods. Further details can be 
found in Wesseling |141j and Hackbusch |74j . 

4.3.1 Relaxation Methods 

Consider the simple one-dimensional model problem 

- u"{x) = f{x) , < a; < 1 , 
m(0)=m(1) = 0. (4.70) 

The domain Q = [0, 1] is discretized^ by introducing the grid points Xj = 
jh, ^ j ^ N, where h = 1/N is the constant width of the cells. The original 
differential equation ()4.7()|1 is replaced by a system of difference equations 

+ 2uj - Uj+i) = f{xj) , 1 ^ j ^ - 1 , 

uq = un = 0, (4.71) 
^This discretization is vertex-centred rather then cell-centred. We return to cell-centred 
discretizations in section 1^.3.41 
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where Uj = u{xj). In matrix form, this system of hnear equations is written 
as 

Au = f 



(4.72) 



where 



A 



2 -1 
-1 2 -1 



(4.73) 



-1 2 -1 
-1 2 

One of the simplest schemes to solve ()4.7H) iteratively is the Jacobi 
method. It is obtained by solving the jth equation of ()4.7H) for Uj, using the 
current approximation for Uj^i and Mj+i: 



m+l _ 2_(,,,m 



1 ^ J ^ iV - 1 



(4.74) 



where v™ denotes the mth step approximation to the unknown u. The 
Gauss-Seidel method differs from the Jacobi method in that the components 
of the new approximation are used as soon as they are available, i.e., we 
successively replace 



'^3 ^ \iVj^l+Vj+i + h^fj) 



i^i i^N -I 



(4.75) 



in ascending order. Alternatively, one can sweep through the grid points in 
descending order, or one can first update the even components of v and then 
the odd components. The latter variant is known as red-black Gauss-Seidel. 

Now consider a general matrix A = D — L — U where D denotes the 
diagonal and —L and —U the strictly lower and upper triangular parts of A. 
The Jacobi method can be written as 



(4.76) 
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where the iteration matrix Rj is given by 

Rj = D-\L + U). (4.77) 
Similarly, the Gauss-Seidel method takes the form 

v'^+i = RG^r"' + {D- L)-^f (4.78) 

where 

Rg = {D-L)-^U. (4.79) 

The convergence properties of the above relaxations depend crucially on the 
size of the largest eigenvalue of the iteration matrix R, which is known as 
the spectral radius 

p{R) = max\\{R)\ . (4.80) 

The iteration converges if and only if p{R) < 1. This is satisfied if the original 
matrix A = (aij) is diagonal dominant, i.e. 

\aij\^\aii\, (4.81) 

This condition imposes quite a severe restriction on realistic problems, as we 
shall see in section IH. 5. 21 

To analyze the convergence properties in more detail, it is useful to look 
at the characteristic structure of the iteration matrix R. We illustrate this 
for the Jacobi method applied to the model problem ()4.7H) . The eigenvalues 
of Rj are found to be 

A,(i?j) = l-2sin2 — , l^A;^iV-l, (4.82) 

and the eigenvectors are given by 

Wk,j = sm^^, O^j^N. (4.83) 
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We see that the eigenvectors are simply Fourier modes. Let e = u — v denote 
the error of the approximation v. Suppose we choose the initial error to be 
one of the Fourier modes, e° = Wk- Then the error after m steps of the 
iteration is = R^e^ = A™(-Rj)wfc. After m iterations, the kth mode of 
the initial error has been reduced by a factor of X^{Rj). From ()4.82j) . we see 
that high-frequency or oscillatory modes of the error are damped much more 
effectively than low-frequency or smooth modes. This so-called smoothing 
property is generic for all classical relaxation schemes. These schemes are 
very effective in reducing the oscillatory components of the error but the 
smooth components persist. 

4.3.2 The Multigrid idea 

The idea of Multigrid is based on a simple observation: a smooth mode on a 
fine grid appears more oscillatory on a coarser grid. This suggests that when 
the relaxation on a fine grid begins to stall, we transfer the error to a coarser 
grid, e.g. with twice the step size of the fine grid, where it can be damped 
much more effectively. Then the error is transferred back to the fine grid and 
we relax again. This idea will be made precise below. 

The equation we use to reduce the error on the coarser grid is the residual 
equation 

Ae = r, (4.84) 

which follows from ()4.72|1 if we define the error to be e = u — v and the 
residual to be r = f — A\. 

Let v'^ denote the approximation on the fine grid with step size h and 
v^'^ the approximation on the coarse grid Q"^^ with step size 2h. Suppose we 
have a restriction operator I^^ which transfers vectors from Q'^ to Q"^^ and a 
prolongation operator l2f^ which transfers vectors from Q"^^ to Q^. Then we 
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Two-Grid Correction Scheme 

• Relax Ui times on A^u^ = on Q'^ with initial guess v'^. 

• Compute the fine-grid residual r'* = f'^ — A^\'^ and restrict it to the 
coarser grid by r^^ = If^r^. 

• Relax on A^^e^^ = r^'' on n^^. 

• Prolong the coarse-grid error to the fine grid by e'^ = /2/i^^^ correct 
the fine- grid approximation by ^ + e^. 

• Relax 1/2 times on A^u^ = on with initial guess v'^. 

Intergrid transfer. There are many ways to choose the intergrid trans- 
fer operators and I"^^. The simplest (and very effective) choice for the 
prolongation operator is linear interpolation, 

ti^Vi = K^f + ^Si)' (4.85) 
A systematic way of defining the restriction operator is given by 

4 = c(/f)^, CGM, (4.86) 

with c = 1 for one- dimensional problems (for arbitrary dimension, c is deter- 
mined by the requirement that restriction should preserve constant vectors). 
For the prolongation operator ()4.85|) . this leads to 

vT = iK--i + H + ' 1 ^ J ^ f - 1 , (4.87) 
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which is known as full weighting. The coarse-grid operator may then be 
defined by the Galerkin condition 

which arises from a minimization principle [HT| chapter 10]. For the model 
problem at hand, it turns out that the coarse-grid matrix A"^^ defined in this 
way is just the fine-grid matrix A^ with h replaced by 2h, which makes it 
easy to implement. For more complicated problems, this will not be the case 
and the Galerkin condition is no longer useful in practice. Instead, we will 
choose the coarse grid operator A'^'^ to have the same form as the fine-grid 
operator A^. The choice of intergrid transfer operators is restricted by a 
simple criterion, given by Hackbusch [74J: to obtain a mesh-size independent 
rate of convergence of Multigrid, it is sufficient that 

mr + mp^2m, (4.89) 

where m^, is the interpolation order for restriction, rrip is the interpolation 
order for prolongation, and 2m is the order of the differential equation to be 
solved. Hence for second-order differential equations, it is sufficient to choose 
TUp = 1 (piecewise-constant interpolation) and = 2 (linear interpolation), 
which is indeed what we have found perfectly satisfactory. 

Multigrid cycles. Looking at the two-grid correction scheme again, we see 
that the coarse-grid problem is not much different from the fine-grid prob- 
lem. Therefore, we can apply the two-grid correction scheme to the residual 
equation on Q"^^, i.e. we relax there and move to for the correction step. 
We can repeat this process recursively: 
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Figure 4.4: Schedule of grids for a (a) V-cycle and (b) W-cycle on four levels 
/i-Cycle Scheme v'* ^ M^i^iy^, f^) 

1. Relax vi times on A^u^ = with a given initial guess v^. 

2. If is the coarsest grid, then go to step 4. Else 

f2h ^ Jf (f^ - A'^v'*) , 

^2h ^ Q (^initial guess), 

v^'^ ^ M^2h^^2/x^f2/.) times. 

3. Correct ^ v'^ + I^f,^r^^. 

4. Relax 1/2 times on A^u^ = with initial guess v'^. 

For /i = 1 we obtain the V-cycle scheme, for /i = 2 the W-cycle scheme. 
The choice of the names becomes obvious from figure 14.41 which shows the 
order in which the grids are visited. For the elliptic equations considered 
in this thesis, we found that W-cycles were more efficient than V-cycles in 
driving the residual below a given threshold. 
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4.3.3 Nonlinear Multigrid 

Nonlinear PDEs lead to nonlinear finite difference discretizations of the form 



A{u) = f, u,fGM^. (4.90) 

As before, we define the error of an approximation v to be e = u — v and 
the residual to be r = f — v4(v). By subtracting ()4.9()|1 from the definition of 
the residual, we obtain 

A(u)-A(v) = r. (4.91) 

The crucial difference between linear and nonlinear problems is that if the 
operator A is nonlinear, we cannot conclude that A{u) — y4(v) = A{u — \) = 
A{e). We no longer have the simple linear residual equation ()4.84p but have 
to use ()4.9H) instead. 

One way to solve ()4.9H) is to replace u = v + e and to Taylor-expand 
about V. Keeping only the linear term, we arrive at the linear system 

J(v)e = r, (4.92) 

where Jij = dA{\)i/ dvj is the N x N Jabobian matrix. Iteration of this 
step leads to the well-known Newton-Raphson method. To solve the linear 
equation ()4.92|1 . we could use the linear Multigrid methods presented above, 
and this combination is usually called Newton- Multigrid. 

However, Multigrid can treat the nonlinearity directly! Let us write down 
the residual equation ()4.91|1 on the coarse grid fl'^'^, 

A^'\n"') = A'^Y^^) + r^^ . (4.93) 

Suppose we have some approximation on Q'^. We can restrict that ap- 
proximation to Q"^^, 
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and similarly restrict the residual, 

Then the right-hand-side of ()4.93j) is known, and we can relax that equation 
with respect to u^^ to obtain a new approximation on This leads to the 
following algorithm [^H chapter 6]: 

Full Approximation Scheme (FAS) 

• Restrict the current approximation and its fine-grid residual to the 
coarse grid: r^^ = /^'^(f'^ - A''{^r'')) and v^^ = J^'^v'^. 

• Relax on the coarse-grid problem A^^^u^^) = y4^'^(v^'*) + r^'^. 

• Compute the coarse-grid approximation to the error: e^^ = u^'* — w"^^. 

• Prolong the error approximation to the fine grid and correct the current 
fine-grid approximation: ^ v'^ + l2f^e^^. 

This is called full approximation scheme because apart from the vector 
that is iterated in the relaxation steps, it requires the additional storage of 
the current approximation coming from the finer grid. The extension of the 
above two-grid scheme to the Multigrid //-cycles is obvious. 

The same relaxation schemes as in the linear case can be applied: e.g. for 
the Gauss-Seidel relaxation, one solves the equation A(u) = f for Uj at grid 
point j. However, since the underlying PDE is nonlinear, the Gauss-Seidel 
step may require solving a nonlinear equation instead of a linear one as in 
()4.75|1 . This can be done with Newton's method, as discussed above in the 
case of Newton-Multigrid. Note, however, that we only need to solve a single 
nonlinear equation now instead of an x system as in ()4.92j) ! 
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4.3.4 Extension to systems and multidimensions 

Systems of PDEs. It is straightforward to generalize the above algorithms 
to systems of equations. The vector of unknowns now has the form u = 
(u^, u^, . . . , u^)"^ where k is the number of equations and each subvector 
u* G M^. For prolongation and restriction, one simply treats the subvectors 
separately. 

For non-static relaxations such as Gauss-Seidel (as opposed to Jacobi), 
the order in which the unknowns are updated matters. One possibility is to 
update all the unknowns u^, u'j, . . . , u'j simultaneously at each grid point j. 
Another possibility is to first update over the entire grid, then and 
so forth. We found that the first method is more efficient for the elliptic 
equations occurring in our problem. 

Multidimensional problems. The extension to two (or more) dimensions 
is straightforward, too. The vector of unknowns is now u = [uij), 1 ^ i ^ Nr, 
1 ^ j ^ Nz for a grid with Nr points in the r direction and A^^ points in the 
z direction. We consider a cell-centred grid here as described in section I^^Tl 
The restriction and prolongation operators are now based on two-dimensional 
interpolation. We use piecewise-constant interpolation for prolongation, 

''^2i-l,2j — ^2i,2j-l — '^%-l,2j-l — ''^2i,2j — "^Ij^ ' 

l^j^f, (4.96) 
and (triangular) linear interpolation for restriction, 

~ 1^ ('^2j,2j-2 + '^2i+l,2j-2 + '^'^2i-l,2j-l + '^'^2i,2j-l 
+^2j+l,2i-l + '^2i-2,2j + 3tt2j_i^2j + '^^2i,2j 
+^2j-2,2i+l + "^^21-1,2^+1) ' 
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Again, there is an ambiguity in the order of update in the relaxation step 
for the Gauss-Seidel method. The lexicographical Gauss-Seidel method first 
sweeps through the index i (in ascending order) in an outer iteration and 
then through j in an inner iteration. The red-black Gauss-Seidel method 
colours the grid points in chessboard manner and first sweeps through all 
red points (in lexicographical order), then through all black points. We have 
found the red-black version to be more efficient for most problems. 

4.4 Alternative methods 

In this section we discuss some alternative methods - finite volume methods 
for hyperbolic equations and conjugate gradient methods for elliptic equa- 
tions. 

4.4.1 Finite volume methods 

Centred finite-differencing in conjunction with the method of lines works 
well if the solution one tries to approximate is smooth. This is the case for 
the vacuum gravitational waves considered in this thesis. Once matter is 
included, however, discontinuous solutions have to be taken into account. 
For example, the formation of shocks is a common phenomenon in fluid 
dynamics. In [TH] it was shown for the coupled Euler-Einstein equations in 
plane-symmetric Gowdy spacetimes that discontinuities can also show up in 
the flrst- and second-order derivatives of the metric. 

The method presented in the previous sections is unsuitable for discon- 
tinuous solutions because it produces large oscillations around the disconti- 
nuities, known as the Gibbs phenomenon. A huge variety of methods that are 
capable of dealing with discontinuities have been developed in computational 
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fluid dynamics [13 EH CMI • These methods are typically based on a formu- 
lation of the underlying hyperbolic PDEs as conservation laws (possibly with 
sources) 

dtU + dAi^{n)=S{u), (4.98) 

and they adopt the finite volume approach. Most methods consist of three 
stages: starting from the cell averages, the numerical solution is first recon- 
structed at the cell interfaces. A numerical flux is then computed from the 
reconstructed values. Finally, the numerical solution is integrated forward in 
time. 

Since the Z(2+l) + l system discussed in chapter El is written precisely in 
the form ()4.98|) . one might try to apply finite volume methods to that system 
as well. Our experiments indicated that this is not feasible for the following 
reasons. 

Consider first the reconstruction procedure. We found that reconstruc- 
tions which adapt themselves to discontinuities, such as the weighted es- 
sentially non-oscillatory (WENO) reconstruction |126j and the slope-limited 
reconstruction |lH4j . led to instabilities unless an extremely high resolution 
was used. 

Consider next the numerical flux. Many numerical fluxes used in high- 
resolution shock capturing methods are based on the solution of the Riemann 
problem and require that one can compute the characteristic variables from 
the conserved variables and vice versa. It turns out that this cannot be done 
in a regular way close to the axis for our system (section l(i.5.4j) . Therefore we 
have to resort to numerical fluxes that do not require any knowledge of the 
characteristic structure. Possible candidates include the basic Lax-Friedrichs 
flux and the FORCE flux used in the SLIC and FLIC methods of Toro pij . 
Unfortunately, these fluxes are very viscous and led to a severe damping of 
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the waves in our experiments. The recent higher-order MUSTA flux of Toro 
and Titarev might be a promising alternative. 

We have decided to stick with centred finite-differencing combined with 
the method of lines as described in the previous sections because it can be 
applied to second-order as well as first-order (in space) PDEs, it does not 
include any artificial viscosity, and it appears to be very stable. 

However, our long-term goal is to include a perfect fluid, and then we will 
have to use finite-volume methods at least for the matter equations. Such 
methods have been successfully applied to general relativistic hydrodynamics 
(see jSl] for a comprehensive review), including a study of perfect fluid critical 
collapse in Friedmann- Robertson- Walker spacetimes 177j. 

4.4.2 Conjugate gradient methods 

The convergence of the Multigrid method depends crucially on the underlying 
relaxation. If the diagonal dominance condition 1)4.811) is strongly violated 
so that the relaxation diverges then Multigrid will also diverge. 

A different class of linear relaxation methods that do not suffer from this 
problem are based on the conjugate gradient (CG) method (see |125j for an 
elementary introduction). This can be interpreted as a function minimization 
algorithm applied to the norm of the residual, 

r(v) = ||f- Av||2 (4.99) 

in the notation of section The advantage of these methods as compared 
with direct matrix solvers is that the matrix A is only ever referred to in the 
form Aw. Since A is sparse for finite difference discretizations, this matrix- 
vector product can be implemented very efficiently. 

While the original conjugate gradient method only converges for symmet- 
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ric positive definite matrices A, the bi-conjugate gradient method in principle 
converges for any non-singular A. An improved version of that algorithm 
is the bi-conjugate gradient stabilized (BiCGStab) method of van der Vorst 
|137j . The convergence of CG methods depends crucially on the use of the 
so-called preconditioner, a matrix B that approximates A and is easy to in- 
vert. One then applies the conjugate gradient method to B^^A, which is 
closer to the unit matrix than A and exhibits a much faster convergence. A 
preconditioner that is straightforward to implement and that worked well in 
our experiments is the SSOR preconditioner (e.g., 

Still, the complexity of CG methods is greater than that of Multigrid: 
at least O(A^lnA^) operations are required, as compared with 0{N) opera- 
tions for Multigrid. In principle, one can also use CG as a relaxation within 
Multigrid but this is not very efficient because CG methods do not share 
the smoothing property of the classical relaxation schemes fsection [4.3.1|) . In 
addition, CG methods are not capable of dealing with nonlinear problems 
directly. Hence an outer Newton- Raphson iteration has to be applied, which 
multiplies the workload. 

If Multigrid converges, it is always more advisable to use it rather than 
CG methods. We have successfully implemented the BiCGStab algorithm for 
the Hamiltonian constraint ()5.24j) in situations when Multigrid fails for that 
equation (e.g., in strong Brill wave evolutions). However, as explained later 
in section 15.5. 11 the Hamiltonian constraint might have multiple solutions in 
those situations. Preliminary results indicate that the CG method sometimes 
appears to converge to a "wrong solution", i.e., one that is not compatible 
with the remaining equations (see also the remarks in section . 
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So far we have only considered grids that are uniform across the whole com- 
putational domain. The solution of hyperbolic partial differential equations 
on such a grid can be very inefficient if the solution contains a wide range of 
relevant length scales. To resolve the small-scale features, a high resolution 
is needed, whereas a much lower resolution would be sufficient in smooth 
regions. Since the computational workload scales (roughly) linearly with the 
number of grid points, having a single grid with a uniformly high resolution 
is impractical. One way out would be to use a non-uniform grid. The main 
disadvantage of this is that because of the CFL condition f section |4.2|) . the 
whole grid needs to be evolved with a time step restricted by the smallest grid 
spacing. This is avoided by the adaptive mesh refinement (AMR) technique, 
whereby the computational domain is covered by a dynamical hierarchy of 
uniform grids of increasing resolution, each advanced with its own time step. 
During a numerical simulation, refined grids are added in regions where and 
when they are needed, and discarded when they become obsolete. 

AMR was invented in 1984 by Berger and Oliger JHl- It "was first applied 
to numerical relativity by Choptuik [30] to study the critical collapse of a 
massless scalar field in spherical symmetry. Further one-dimensional appli- 
cations include the same problem in double-null coordinates by Hamade and 
Stewart [TH] and perfect fluid collapse in Friedmann-Robertson- Walker uni- 
verses by Hawke and Stewart [78j. Two-dimensional examples include studies 
of inhomogeneous cosmologies by Hern and scalar field critical collapse 
by Choptuik et al. 021- Three-dimensional AMR has been used in single and 
binary black hole simulations, see e.g. Pretorius jlllj for a promising recent 
attempt. 

In this work, we mainly use Berger and Oliger's classic algorithm (applied 
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to two spatial dimensions), with certain simplifications and modifications 
described below. The implementation is based on a code originally written 
by Stewart and Hern (see for a detailed description). Changes have been 
made mainly to the boundary treatment fsection [4.5.2j) . regridding procedure 
and refinement criteria f section |4.5.3|) . One of the outstanding features of 
the AMR part of the code is that it is to a large extent independent of the 
other parts such as the time integrator, the initial data solver, and the actual 
implementation of the equations being solved. 

We have only implemented AMR for hyperbolic systems of partial dif- 
ferential equations. The extension to mixed hyperbolic-elliptic systems and 
the combination of AMR with the Multigrid method for elliptic equations 
(section I4.3|l is rather complicated, although some progress has been made 
(see |113j for an implementation with numerical relativity in mind). 

4.5.1 The grid hierarchy 

The building blocks of the AMR algorithm are the uniform grids described in 
section 14.1.11 We use cell-centred grids rather than vertex-centred ones (this 
is not an essential restriction - it only affects the details of the interpolation 
between grids). The grids are arranged in a hierarchy in the following way: 
the hierarchy consists of Zmax levels. Each level contains grids of the same 
resolution. Level 1 only contains a single grid, the base grid, the next coarsest 
level is 2 and so on until level /max, which contains the finest grids in the 
hierarchy. 

The grid spacings of two consecutive levels are related by hi/hi^i = p, 
where p ^ 2 is an integer. We choose p = 2 in our applications. 

Each child grid on level / -|- 1 is entirely contained within its parent grid 
on level I, a property called proper nesting. Unlike in Berger and Oliger's 
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Figure 4.5: Example of an AMR grid hierarchy with 3 levels. The grid functions are 
defined at the cell centres. Realistic grids contain much more cells. 

original work [T^, we require that grids on a given level do not overlap. 
Furthermore, we require that all grids be aligned with the boundaries of the 
computational domain (Berger and Oliger allowed for rotated grids). Figure 
14.51 shows an example of a typical AMR hierarchy. 

4.5.2 Time-stepping the grid hierarchy 

The grids are advanced in time by the following recursive procedure: first all 
grids on level / are advanced one time step to time t + Ati, then all grids on 
level I + 1 are advanced to the same time. To be consistent with the CFL 
condition ()4.(jlf^^l)!^ . the time step on level / + 1 has to be refined by the 
same ratio as the grid spacing: Ati/Ati+i = p. This means that p time steps 
have to be taken on level / + 1 until it has caught up with level /. 

Boundary data has to provided before a time step can be carried out. We 
distinguish between external boundaries, which coincide with the boundaries 
of the computational domain, and internal ones, which lie in the interior of 
the computational domain. External boundaries of a given grid are dealt with 
outside of the AMR algorithm - the boundary conditions to be enforced there 
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depend on the problem being solved. To provide data at internal boundaries, 
we exploit the fact that when a grid is to be advanced in time, its parent 
grid has already been advanced. Interpolation in time and space is used 
to interpolate the data from the parent grid to the ghost cells of the child 
grid (see section 14.1.31 for the ghost cell technique). This requires storage 
of data from both the current and the previous time step on the parent 
grid. The interpolation scheme we use is trilinear interpolation. We have not 
experienced any problems with high-frequency noise at the grid boundaries as 
reported by some authors. The same fourth-order Kreiss-Oliger dissipation 
operator ()4.(j4|l is applied at all interior grid points, with no modifications 
necessary close to the boundaries. 

Once a child grid on level / -|- 1 has reached the same time as its parent 
grid on level /, the data on the child grid is injected into the parent grid. 
For cell-centred grids, this involves some sort of interpolation because the 
cell centres of the parent grid do not coincide with cell centres of the child 
grid (we use bilinear interpolation). By this update step, the most accurate 
solution available at a given point is propagated to all grids in the hierarchy. 

When implementing systems of hyperbolic conservation laws using the 
finite volume method, one has to ensure that the scheme is conservative 
across the grid boundaries. This implies that certain modifications have to 
be made to the fluxes at the boundaries |lSj , a technique known as refluxing. 
We have not implemented this because we are using the finite difference 
rather than the finite volume method, and the "conserved" quantities have 
no physical significance in our problem (cf. section IFT^I) . 
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4.5.3 Adapting the grid hierarchy 

The most powerful feature of the AMR algorithm is its ability to automati- 
cally adapt the grid hierarchy in order to maintain an appropriate resolution 
of the data at all times. The process of adding, removing or extending grids 
is called regridding. On each level, regridding takes place every time steps, 
where is a user-defined integer (we choose = 4) . We need to address two 
questions: firstly, how to decide where on a given grid refinement is needed 
and secondly, how to rearrange the grid hierarchy. 

At the start of the regridding phase, grid cells that fail to meet a certain 
accuracy criterion are flagged. A common criterion is based on an estimate 
of the local truncation error via Richardson extrapolation. In the original 
Berger and Oliger algorithm, this is implemented in the following way. Two 
copies of the grid under investigation are made, the first one, G^, being an 
identical copy, the second one, G"^^, a version coarsened by a factor of 2. Two 
time steps of size At are taken on G'^ and a single step of size 2 At on G^^. 
Let us write the resulting approximation on G^ as 

u'^ = uo + (4.100) 

and the one on G'^^ as 

u^'^ = uo + e^'^ , (4.101) 

where uq denotes the (generally unknown) exact solution. For second-order 
accurate finite differencing, the error should behave like ~ h"^ so that the 
errors on the two grids are related by 

e^^^Ae^. (4.102) 

Subtracting ()4.100p from ()4.101|) and using ()4.102j) . we obtain an estimate 
for the error on G^: 
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A grid cell is flagged if the absolute value (or some norm, in the case of 
systems) of the estimated error there is bigger than a user-defined threshold. 

We can simplify Berger and Oliger's implementation by recalling that at 
the time when a child level and its parent level are in synchrony, just be- 
fore the child^parent update step, the information required for computing 
the error estimate is readily available. All we need to do is interpolate the 
data from the parent grid to a copy of the child grid and form the difference 
(|4.1()H|) .^ Because the error is 0{h?), it is important that one uses more than 
second-order accurate interpolation here (we choose biquadratic interpola- 
tion). This simplified scheme has been called a self-shadow hierarchy Illl-Sj 
because it is no longer necessary to create a separate "shadow", i.e., a copy 
of a grid that is merely advanced for truncation error estimation. The only 
level where this procedure does not work is the coarsest one, for this does 
not have a parent. We therefore require that the coarsest level always be 
fully refined. The resolution on level 2 should then be chosen to match the 
desired coarsest resolution; level 1 is merely used for error estimation (the 
overhead that this causes is small because the number of grid points on level 
1 is only a fourth of that on level 2). 

Error estimation via Richardson extrapolation is by no means the only 
possible refinement criterion. For instance, an indication of how well a func- 
tion is resolved can be obtained by evaluating its (suitably normalized) second 
spatial derivative pniEOl- We have experimented with similar criteria but 
did not find them appropriate for the wavelike solutions considered in this 

thesis. Alternatively, one could use certain physically motivated quantities as 
''Strictly speaking, the fine grid solution might have been modified by injections from 
even finer grids in the meantime. The correction to the estimate ()4.1U3|I is of order (/i/p)^, 
i.e., it is suppressed by a factor of . 
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refinement indicators, e.g., the distortion of a spacelike slice or the residuals 
of the constraints. More details on this will follow in section 19.41 when we 
discuss our particular application. 

Suppose now we have obtained an array of error flags. Next, the flagged 
regions are enlarged by so-called buffer zones. These ensure that high-error 
features of the solution do not propagate out of the refined regions before 
the next regridding step is performed. The width of the buffer regions re- 
quired depends on the choice of Tr and the Courant number A: signals that 
propagate at speed c can travel at most cXTr grid spacings in Tr time steps. 
Because A < 1 is needed for stability and c ^ 1 (the speed of light), a safe 
choice is a buffer width of cells. ^ Also, regions of the grid on level I that 
are covered by grandchildren (i.e., level / + 2 grids) are flagged. This ensures 
that (the union of) the newly created child grids contain the grandchild grids. 
The modified array of flags is then passed to a clustering algorithm, which 
creates a set of rectangular child grids containing the flagged points. The 
algorithm we use is based on techniques common in computer vision and 
pattern recognition and is described in detail in Berger and Rigoutsos [T7] . 
The user can specify a target value for the approximate filling factor F, the 
ratio of flagged cells to the total number of cells in a child grid. A high value 
for this will produce many small child grids, a low value few large ones. Both 
extremes are computationally unefficient; a good compromise appears to be 
F ^ 0.7. The clustering algorithm had to be modified slightly in order to 
ensure that each existing grandchild grid is contained within a single newly 
created child grid, so that proper nesting is maintained. 

After clustering, the child grids are filled with data interpolated from 

^Depending on the width of the stencil used for intergrid interpolation, a slightly larger 
buffer zone may be required. 
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their parent (we use bilinear interpolation for this). If there are existing 
grids on level / + 1 that overlap with the newly created grids, their data is 
used instead before they are destroyed. 

When it is time to regrid level I, we carry out the above operations first 
on the finest level /max, then on level /max — 1 and so on until level / itself. This 
is Berger and Oliger's original "top-down" approach; a different "down-top" 
approach is used by Hern |HT] . 



Chapter 5 

A mixed hyperbolic-elliptic 
system 

In this chapter we present a first evolution scheme based on the (2+l)+l 
formahsm. Apart from hyperbohc evolution equations, it contains elliptic 
equations that need to be solved at each time step, which distinguishes it 
from the completely hyperbolic Z(2+l)+l system considered in the following 
chapters. This chapter is mainly based on an earlier essay |118j . 

We begin by explaining our gauge conditions (section 15. which are 
motivated by geometric considerations and by simplifying the system as much 
as possible. They lead to elliptic equations for the lapse function and the 
shift vector. We then turn to the issue of regularity on axis and explain 
how the regularity conditions of chapter |21 can be enforced by an appropriate 
choice of variables (section l5.2|l . The final equations to be solved are written 
out in terms of these variables in section 15. HI Three alternate evolution 
schemes are then discussed that differ in the way the constraint equations are 
treated, ranging from a fully constrained scheme to a free evolution scheme 
(section l5.4|l . The elliptic equations occurring in the different schemes are 
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investigated further with regard to uniqueness of solutions and numerical 
solvability with Multigrid methods (section The constraint evolution 

system is derived in section 15 .61 and its well-posedness is analyzed for the 
three evolution schemes. Numerical evolutions of generalized Brill waves, 
including twist, are presented in section I3!71 Evidence for the existence of a 
critical point separating dispersal and black hole formation is given, and the 
present limitations of the code are indicated. 

5.1 Elliptic gauge conditions 

To complete our evolution formalism, we have to come up with a prescription 
for the gauge variables, which specify the coordinate system. We would like 
to tie them to the evolution so that they can adapt themselves, for instance 
when a spacetime singularity is approached. 

Consider first the prescription for the lapse function, also called the slicing 
condition. The one we choose here is maximal slicing. Its name arises from 
the fact that it maximizes the proper volume of the individual spacelike 
slices |144j . This suggests that when a high-curvature region of spacetime 
is approached, the slices try to avoid that region and "pile up" in front of 
it. In this way, a large part of spacetime can be explored without hitting 
a potential singularity. Maximal slicings have been constructed analytically 
for Schwarzschild spacetime jHO^ but the singularity avoiding property has 
also been shown to hold in more general situations |3S]- 

For maximal slices, the trace of the second fundamental form of the three- 
dimensional (i.e., including the dimension of the Killing vector) t = const, 
surfaces vanishes. In (2 + 1) + 1 language, this translates into 
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As we want this condition to hold at all times, we also require its Lie deriva- 
tive along the normal lines to vanish. CnX = ^^n{,H^^XAB) can be computed 
using the evolutions equations ()H.54|1 and ()H.5(ij) . and CnK^^"^ is given by 
()3.57|) . Together we obtain 

-2\-^\a^ - \\^B^^ + \^^{r + Sa^ - Sp^) • (5.2) 

If we now impose 1)5.111 and subtract twice the Hamiltonian constraint ()3.5n)l 
from the right-hand-side, we end up with the following elliptic equation for 
a: 

S = - a [x^^'xAB + K/^ - X'^a-'X^Aa'^ + \X^EaE'' 

+\^^{pH + r + SA^)] =0. (5.3) 

Next we deal with the shift vector. We exploit the fact that every two- 
dimensional Riemannian manifold is conformally flat. Hence we can choose 
coordinates such that at all times 

H„ = H,, = y/H, Hrz = 0. (5.4) 

This conformal flatness condition thus simplifies the system by reducing the 
number of variables to be evolved: Hab now has only 1 instead of 3 degrees 
of freedom. This gauge is also known as Wilson gauge |142j in the literature. 
Imposing ()5.4|) on the time derivative of Hab ()3.54|) now implies that 

/?_^/?^,-/?^, = (5.5) 
/J+^/^^. + ZJ^, = 2ax/. (5.6) 

By forming the combinations dr ()5.5j) +dz ()5.(')j) and —dz ()5.5|) + dr ()5.fij) . 
we arrive at the following Poisson equations for the components of the shift 
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vector: 

Sr ^ /3V + /3^..-[2«x/],.-[«(x/-x/)],. = 0, (5.7) 
^ /3^,, + /3^,,-[2ax/],, + [a(x/-x/)],. = 0. (5.8) 

An alternate way of solving for the shift vector using the momentum con- 
straints will be explained in section 15.41 

5.2 Regularity on axis 

As emphasized in chapter |21 great care must be taken to enforce the regu- 
larity conditions for axisymmetric tensor fields during a numerical evolution 
because otherwise certain terms in the evolution equations become singular 
on the axis. 

Let us first deal with the regularity condition ()2.26p applied to the space- 
time metric Qa/B- It implies that 

4^ = ^^ = l + 0(r^). (5.9) 

If we evolved VH and A independently, this subtle relation would soon be 
violated during the evolution due to numerical errors. Instead, we replace 
\/H and A with new variables ^p and s defined by 

/H^=^V", X = r^\ (5.10) 

where s = 0{r) and ip = 0(1) on the axis. Indeed, this guarantees that 

^ = e-2" ^ l-2rs = l + 0(r2) (5.11) 

for small r. Equation ()5.10|) is the choice of variables made in Garfinkle and 
Duncan Another possibility (satisfying ()5.11|) with s replaced by —s) is 

Vh = ^\ A = r^V% (5.12) 
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which are the variables of Choptuik et ah jJTj. We have also considered 
replacing ip^ in the above with exp 2^/), which has the advantage that no 
logarithmic derivatives ip'^ip^A appear in the final equations and thus many 
nonlinearities drop out. All the various choices have been implemented and 
it was found that strong Brill wave evolutions were slightly more stable for 
than for the other possibilities. We therefore adopt that choice in the 
following. 

The corresponding regularity condition for the extrinsic curvature implies 
that 

K^^ = r'^K^^ + 0(r2) = Xrr + 0{r^) = x/ + 0{r^) . (5.13) 

Hence K^''^ — x/ is O(r^) on axis, while each single term is 0(1). This will 
not hold numerically if we evolve K^"^ and x/ separately and so we introduce 
a new variable Y defined by^ 

Y^r-\K^^-Xrl, (5.14) 

where Y = 0{r) near the axis. Because of the maximal slicing condition x + 
K^p''^ = 0, the extrinsic curvature has only two more independent components, 
which in agreement with are taken to be 

U^x/-Xz\ X^x/ = X/. (5.15) 

Similarly, the regularity condition for the energy-momentum tensor im- 
plies that r — S/ is O(r^) on axis and so we redefine r by 

f = r-\T-S/). (5.16) 

The set of variables we evolve is summarized in table l5.l| which also states 

their small-r behaviour. This determines the boundary conditions we impose 
""^This definition is the same as in The variable W in is W ^ . 



CHAPTER 5. A MIXED HYPERBOLIC-ELLIPTIC SYSTEM 



78 



a,f3'-,P\tP,s,Y,U,X,R^,EL,E' 



12 



Jtpi Jri JziZ.1 S , S_, S ,5*,. ,Sr,Sz ■ 



Table 5.1: Variables of the hyperbolic-elliptic system and their small-r behaviour. 
Underlined variables are 0{r), the remaining variables are 0(1) on the axis. 

on the axis: for a variable u that is 0{r) on the Dirichlet condition 



is needed, and for a variable u that is 0(1) on axis, we enforce a Neumann 
condition 



Now we also see why our definitions of the twist variables ()3.47ri^7iSj) differ 
from those in Maeda et al. |l()()j by factors of A (which is 0{r) on the axis): 
if we had adopted their definition then the variables -B*^ and E^ would have 
been O(r^) on the axis, which is difficult to enforce numerically because we 
can easily impose a Dirichlet condition or a Neumann condition, but not 
both at the same time. 

5.3 Final equations 

We are now ready to write out the equations to be solved in our gauge and 
variables. 



u\r=0 = 



(5.17) 



0. 
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The gauge conditions 

The slicing condition ()5.H|1 is 

Equations ()5.5H5.6|) imply that U and X are given in terms of the shift by 

U = (5.20) 
X = \a~^l3+. (5.21) 

The elliptic shift conditions ()5.7H5.8j) read 

Sr = f3\rr + f3',zz-{aX)^, + {aU)^r = 0, (5.22) 
= /3^_,, + /3^,,-2(aX),,-(a?7),, = 0. (5.23) 

The constraint equations 

The Hamiltonian constraint ()3.50p becomes 

C = V,rr + V,r + i^,zz + jfPirS^rr + 2s,,. + rS,^^) 

+^V^^ [liU - \rYf + yY^ + X2 + \kph] (5.24) 
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The momentum constraints ()3.5H) are 

Cr = -|f/,^ + x^- |ry;^-2^/'-V,r(ry + f/) + 6^-V,.^ 

-{rs^r + s)U + 2rs^,X - |F - lr^ip\'^'''B^E' (5.25) 

4 = |f/,, + X,- |rr, + 6V'-V,rX + 2V'-V,.(2f/-ry) 

+ (2rs,^ + 2s + r~^)X + rs,^f/ + ^r'^ij^'^^'^B'^E'' (5.26) 
— K J2 = . 

The Geroch constraint ()H.52j) is 

= E\r- + E\^ + E''{10ip-^^^r + 2rs^r + 2s + 3r-^) 

+E'{lOip-^ip^, + 2rs,^) - 2kJ'^ = . (5.27) 

The evolution equations 

Equations ()3.54flT3^ imply the following evolution equations for ip and 

s: 

dtiJ = /3'-^,, + /?^^,, + ^[ir-i/?^ + i(f/-2ry)] , (5.28) 
dts = f3''s,r + f3's,, + aY + {r-^(3'')^r + r-^f3''s. (5.29) 

The evolution equations for the extrinsic curvature ()3.56ri^37j) become 

dtY = f3Xr + f3Xz + r-'(3'Y-r~'X{(3\r-(3\z) 

+ilj~'^e~'^'"' [{r~'^a^r),r - r"^a,^(rs,^ + s + Aip-'^ip^r) 
+a,zS,z] 

+a^-V2'-^ [2^-\r-^ij,r),r + s,rr + s,,, + (r^^s),, (5.30) 
+2^-V,.s,] 

-raij^ [B^^ + ^V^'^(^'^' + E''')] - naf , (5.31) 
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dtU = f3'-U,r + f3'Uz + 2X{[3\,-(3\r) 

+?/'-^e-2^" [2a,^(2^/'- V,^ + rs^,) - 2a,^(2^~ V,r + rs^r + s) 

-2atp-^e-^''' [ - V'" V,rr + ^'^^,zz + S,r + T^^S (5.32) 

+?/'"V,r(3V'"V,r + 2rs,^ + 2s) 

dtX = i3-X,r + (3'X,, + lU{(3\r-f3\z) 

+a,^(rs,^ + s + 2^/'-V,r)] (5.33) 
+07/'- [ - 2ij_,ij^rz + V,r(3^- V,. + 2rs,,) 

+\r'^a%lj^e^'''E''E^ - naS/ . 

The evolution equations for the twist variables ()3.58ri!?3T?jl are 

dtE' = f5^E\r + f^"E\, 

+^/;- V^'-^ [a^.B'P + aB'P^, + 60^-^,^^^ (5-34) 
[f a(2rF - f/) - - E"/?",^ - 2Ka^'' , 
dtE' = P'-E^r + P'E^, 

-ip-^e-^"^' [a^rB'P + aB^^r + 3a5'^(2^/'- V,i + r'^)] (5.35) 
+ E' [ia(4rF - 5t/) - - 2/€a^^ , 
= + + |a5'^(f/-2rr) 

+2aE''(2^"V,^ + ^s,^) - 2aE^(2V^-V,r + rs,^ + s) (5.36) 

We focus on vacuum spacetimes in this chapter and so we do not include 
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the matter evolution equations here (see appendix [X] for a discussion of a 
perfect fluid). 

The above equations have been derived with the help of a programme 
written in the computer algebra language REDUCE Note that they 

are all regular on axis provided that the variables have the correct small-r 
behaviour (table IH?T|l . 

5.4 Alternate evolution schemes 

In this section we explain in more detail how the various variables are evolved. 
The variables s, Y, E^, E^ and -B*^ are always evolved using the evolution 
equations ()5.291 lOUl 15.341 15.351 15.36|) . For the remaining variables, there are 
several possibilities, and we discuss three alternate evolution schemes here. 

5.4.1 A free evolution scheme 

In the first scheme, one solves the elliptic gauge conditions ()5.19[ 15.22H5.23|l 
for the gauge variables a, (3^ and (3^ and evolves the variables ip,U and X 
using their evolution equations ()5.281 1375^ 15.33|) . 

This scheme uses the maximum number of evolution equations to update 
the variables. None of the constraints are solved during the evolution, which 
is why this scheme is called a free evolution scheme. 

This is essentially the scheme of Garfinkle and Duncan (although 
their scheme does not include the twist variables) with the exception that 
they use the Hamiltonian constraint ()5.24j) to solve for ijj. 
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5.4.2 A constrained evolution scheme 

In the second scheme, one ehminates the variables U and X completely using 
the relations ()5.20fl3?^T|) . The slicing condition ()5.19|) then takes the form 

+ |arVV"'(^"^ + E'^) (5.37) 
+ \na{pH + rf + 25/ + 5/)] = . 

To solve for the shift vector, we use the momentum constraints ()5.25M5^26|l . 
which can be written as 

+ ll3- (6^- V,r + 3rs,^ + 3s - a^^a,/ - |aF (5.38) 
-|ar(6V'" V,r>" + y,r) - arVe^'''^'^^^ - = , 

Cf) = /5^,, + |/5^,,-i/5^,,-2/?_(4^-V,. + rs,,-|a-V.) 

+/3+(6^/'~V,r + 2rs,^ + 2s + r"^ - a'^a^r) (5.39) 



ar(6V^- V,^^ + Yz) + ar'^^^e^''' B'p E' - 2KaJ, = . 



The Hamiltonian constraint ()5.24|1 becomes 

+7/>5e2- [i(a-2/3! + r^Y' + rYa-'p.) + i^-^/J^ 

+ I^Ph] (5.40) 
+^^2^9e2- [5^2 + V^^e2-(E'^2 + ^^2)] = . 

Equations (jSHZHSiini) form a system of coupled elliptic equations that is 
solved for the variables a, P^, and ip- 
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This scheme uses the maximum number of elhptic equations. All the 
constraints are enforced during the evolution except for the Geroch constraint 
(j5.27|l . Hence we call this scheme a constrained evolution scheme. 

This is essentially the scheme of Choptuik et al. [H] (although their 
scheme does not include the twist variables). 

5.4.3 A partially constrained evolution scheme 

Finally, we propose a new scheme that can be viewed as a compromise be- 
tween the two previous ones. Here the variables U and X are first evolved 
to the next time level using the evolution equations ()5.32flOnj) . The slicing 
condition ()5.19|1 is then solved for a as in the free evolution scheme. To 
solve for the shift, however, we use the momentum constraints (jHISHHSISni) • 
After solving for the lapse and shift, the variables U and X are immediately 
overwritten by ()5.2UHlF!?H) . Then the slicing condition and the momentum 
constraints are again solved for the lapse and shift, and the procedure is 
iterated until convergence. In this way, we enforce both the momentum con- 
straints and the gauge conditions. However, we do not solve the Hamiltonian 
constraint but evolve ip using its evolution equation ()5.28|1 . 

This is the scheme we will use for the numerical evolutions in section 
()5.7p . We will explain its advantages over the other schemes in the following 
sections. 

5.5 Solvability of the elliptic equations 

All the evolution systems presented in the previous section involve (to varying 
extent) the solution of elliptic equations. The question arises whether these 
equations are well-posed, i.e., whether a unique solution exists. We would 
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also like to know which numerical methods can by used to solve the equations, 
in particular whether the Multigrid method (section 14. Hj) will work. 

5.5.1 Analytical considerations 

The elliptic equations we encounter are of the general type 

Lu = a^^dAdeu + b^dAU + H{u, x^) = f , (5.41) 

where the coefficients a^^, and the right-hand-side / depend on the coor- 
dinates only and H{u, x^) may be a nonlinear function. We assume that 
all of these are smooth. The boundary consists of a part where we impose a 
Neumann condition d±u = (on the axis r = 0) and a part where we impose 
a Dirichlet condition u = (the outer boundaries)^. 

Proving existence and uniqueness of solutions of 1)5.411) can be decidedly 
nontrivial. However, it is relatively easy to obtain a necessary condition for 
the solution (should it exist) to be unique. Suppose we are given a solution 
Mo and we consider a small perturbation u = uq + 6u. For m to be a solution 
as well, 6u must satisfy the linearized equation 

a^^dAdB^u + b^dA^u + c6u = f , (5.42) 

where 

dH 

c=— . (5.43) 

OU u=uo 

For the solution of ()5.4H) to be unique, the solution of ()5.42|1 must also be 
unique {linearization stability). One can prove using the maximum principle 
Hm |M| that equation (j02|l has a unique solution satisfying the mixed 

Dirichlet-Neumann boundary conditions if the following conditions hold: 

^Strictly speaking, u — may only be imposed at infinity but the following analysis 
requires a bounded domain. We choose it to be sufficiently large such that the Dirichlet 
boundary conditions are a good approximation. 
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1. the operator L is elliptic, i.e., 



(5.44) 



2. 



c ^ 0. 



(5.45) 



Let us check whether these conditions are satisfied for the elhptic equa- 
tions we would hke to solve. 

The slicing condition. Consider first the slicing condition in the form 
()5.19|) as used in the free evolution scheme f section [5.4. 1|) and in the partially 
constrained scheme fsection [5.4.3p . Its principal part is the Laplace operator, 
a^-S = , which clearly satisfies ()5.44j) . The equation is already linear with 
the coefficient c in ()5.42j) given by 



At least in vacuum, we have c < (note that > 0). Hence a solution of 
the slicing condition (should it exist) is unique. 

Suppose now that we use the constrained evolution scheme fsection [5.4.2|) 
so that the slicing condition has the form ()5.37|) . That equation has a non- 
linear source term H{a,x^) as in ()5.4H1 . and we find 



c = 



+ ln{pH + rf + 23/ + S/)] 



(5.47) 



(5.46) 



dH 

da 



+r^Y^ + irVe^"(^''^ + E'^) 



(5.48) 




(5.49) 
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Now the first line inside the square bracket has the wrong sign and so dH/ da 
can be non-negative. Hence we cannot prove uniqueness for the linearized 
equation, and solutions to the nonlinear slicing condition ()5.H7|1 could poten- 
tially be non-unique as well. 

The shift conditions. The shift conditions ()5.22riH^^!^ are simple Poisson 
equations {a'^^ = 6^^ , = H = in ()5.41|) ) and therefore have a unique 
solution. 

The momentum constraints. The momentum constraints ()5.H8flKl?n|l 

are linear, H = 0. The only condition that is not immediately obvious is the 
ellipticity of the differential operator, for now we have a coupled system 

LAB{dr,d,)P'' = fA. (5.50) 
The principal symbol is given by 

LABix,y)= I ^"^'^^^^ /"'^ ^ I . (5.51) 

3" 



Its determinant is 

detL(a;,?/) = |(x^ + 3a;V + V) > V (x, y) G \ (0, 0) . (5.52) 

We have shown that the system is elliptic and hence the momentum con- 
straints have a unique solution. 

The Hamiltonian constraint. Finally we turn to the Hamiltonian con- 
straint or (jOOj) . This has the form (j^^ with 

— - If 

+57/>V^^ [\{U - \rYf + ir^r^ + i^^^] 
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All the terms in the square brackets are positive, and the terms in the first 
line are oscillatory. Hence condition ()5.45|1 is not satisfied everywhere. We 
conclude that quite possibly the Hamiltonian constraint ()5.24j) does not have 
a unique solution in general. 

A few more remarks are about the Hamiltonian constraint are in order. 
This equation is essentially the Yamabe equation 

Ai/j + K'^^IjP = , (5.54) 

where p = 5, is the square of the extrinsic curvature (which we assume 
to be a smooth function), and we disregard the twist and matter here. If we 
set u = ip — 1 and f{u) = K'^{1 + uY, equation ()5.54|) can be written as 

-Au = f{u) , (5.55) 

and we consider the boundary conditions 

u\on = 0. (5.56) 

By a theorem in Evans |52| sec. 8.5.2] based on the Mountain Pass Theorem, 
the boundary value problem ()5.55ri^3B|) has at least one weak solution u ^ 
provided that 

n + 2 , , 

^<p<—r (5-57) 

where n is the spatial dimension. In our case [n = 2), p is not restricted 
from above and we deduce that a solution to the Hamiltonian constraint 
does exist. (Note that in n = 3 dimensions, p = 5 is the critical case and the 
theorem is not applicable.) 

However, nothing is being said about the uniqueness of the solution. In 
fact, our argument above indicates that the Hamiltonian constraint might 
not be linearization stable. We can improve on this by applying York's |144j 
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conformal rescaling procedure: let us redefine the extrinsic curvature K by 
setting 

K = ilj-'^k. (5.58) 

Then fl5.54|) reads (with p = 5) 

A^ + KV^g^O, (5.59) 

the hnearization of which is 

AS^ + (5 - 2q)k^5ij^-^^ = f . (5.60) 

If we choose g ^ 5/2 then our analysis above shows that the modified Hamil- 
tonian constraint ()5.59j) is linearization stable. York applies this trick only 
at the initial time in order to set up a well-posed elliptic problem for the 
initial data. However, we want to solve the Hamiltonian constraint at each 
time step, which means that we have to evolve K instead of K. We have 
implemented this but unfortunately the numerical evolutions quickly became 
unstable. A somewhat heuristic explanation for this might lie in the fact that 
a rescaling of the extrinsic curvature is also applied in the BSSN system ^H] , 
which is known to be much more stable than the standard ADM system.^ 
It turns out that our choice of extrinsic curvature K corresponds precisely 
to the BSSN variables, whereas the rescaled K corresponds to the ADM 
variables, with g = 4. 

Summary. We have indicated that the Hamiltonian constraint and the 

version of the slicing condition that is used in the constrained evolution 

scheme might not have a unique solution in general. In contrast, all the 
■^On the other hand, some formulations such as NOR |103| appear to be stable without 
conformal rescalings. 
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elliptic equations of the free evolution scheme and the partially constrained 
scheme are well-posed. 

5.5.2 Numerical considerations 

There is a close connection between the above analytical results and the nu- 
merical solvability of the elliptic equations under discussion using the Multi- 
grid method. The Newton-Gauss-Seidel relaxation employed in that method 
effectively linearizes the elliptic equation so that it suffices to deal with a lin- 
ear model problem here. For simplicity, we consider the Helmholtz equation 

U,rr + U^zz + CU = f . (5.61) 

This equation is discretized as 

^{ui+ij + Ui-ij + Uij+i + Uij-i - Auij) + CijUij = fij . (5.62) 

As explained in section 14.31 the Gauss-Seidel relaxation converges if the ma- 
trix on the left-hand-side of ()5.62j) is diagonal dominant. The (absolute values 
of the) off-diagonal terms in ()5.62j) add up to 4/i^^ and the diagonal term is 
—Ah""^ + Cij. Hence the matrix is diagonal dominant if and only if Cij ^ 0, 
which is again condition ()5.45|) . (If first-order derivatives are included in 
()5.61|) or if the principal part is not the Laplace operator, this condition may 
not be sufficient to guarantee diagonal dominance.) 

In practice, the relaxation still converges if c > and c is sufficiently 
small. For larger and larger positive c, however, the relaxation first stalls and 
ultimately diverges. The failure of Multigrid for such indefinite Helmholtz 
equations has been reported many times in the literature (e.g., I^H])- Cures of 
the problem usually involve some kind of conjugate gradient or other Krylov 
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subspace iterations, which are very slow as compared with standard Multigrid 
(e.g., j^; see also section 1021) • 

We conclude that the Multigrid method is suitable for solving all the equa- 
tions that occur in the free evolution scheme and the partially constrained 
scheme but that it might fail for the Hamiltonian constraint and the slic- 
ing condition used in the constrained scheme. This is indeed what we have 
observed when trying to evolve strong Brill waves fsection l5.7|) with the con- 
strained scheme. Similar observations have been reported by Choptuik et al. 
jH] and Barnes jHj. The former try to avoid the problem by evolving the 
conformal factor using its evolution equation ()5.28|1 instead of solving the 
Hamiltonian constraint for it. However, they find that their Multigrid solver 
still fails for strong Brill waves. A likely explanation for this is the argument 
given above for the slicing condition. 

5.6 Evolution of the constraints 

We have seen how in the (2+l) + l formalism (as in all ADM-like formalisms), 
the Einstein equations split into elliptic constraint equations and hyperbolic 
evolution equations. Analytically, the constraints are preserved by the evolu- 
tion equations. However, if in a numerical evolution the constraints are only 
solved initially, they might get violated during the evolution due to numerical 
errors. Catastrophic growth of the constraints in free evolution schemes is 
a very common plague in numerical relativity and to-date one of the major 
limitations to the runtime of simulations. 

In this section, we take a closer look at the evolution of the constraints 
and assess the schemes presented in section E31 with regard to their stability 
against constraint violations. 
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Suppose first we adopt the free evolution sclieme (section I5.4.1|) . Tlie 
constraints ()5.24riF!77j) are found to obey tlie following evolution equations: 



dtC - -iS'^drC - l3'd,C -\aij{drCr + dA 



(5.63) 



t^r ^ -/3^a,a-/?^9,C, + 4a7/'-V2"'(9,C + ia-V5r5), (5.64) 
: - - 4aV'" V^'^^^C , (5.65) 

: -(5'dX^-(5'd,C^. (5.66) 



dtC^ 



Here S is the slicing condition ()5.19p . and ~ denotes equality to principal 
parts. The terms we have left out are all linear and homogeneous in the 
constraints and the gauge conditions, so that the constraints are indeed con- 
served (equations ()5.63hl^rBBj) are satisfied if all the constraints and gauge 
conditions vanish at all times). 

We enforce the slicing condition during the numerical evolution, i.e., we 
may set = in ()5.64|) . Then the constraint evolution system can be written 
in closed form as 

dtC = A^Oac + Be , 



(5.67) 



where c = (C, C^, C^, C,^)^ and the matrices are given by 



A' 



A' 



1 


-IS-" 







\ 


























-13' 
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-4aV'"^e-2" 












V 













/ 



(5.68) 



(5.69) 
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The matrix A^ has complex eigenvalues —(3^ ±iaip~'^e~^'^ whereas A^ has real 
eigenvalues —jS^ ± a^/'~^e~'''*. This means that A^ is not real diagonalizable, 
and so the system is not hyperbolic (see section 16.41 for a precise definition 
of hyperbolicity and its implications). Hence the initial value problem (IVP) 
for the constraint evolution system is ill-posed, and small violations of the 
constraints may grow without bound. 

The reason for the lack of hyperbolicity lies in the slicing condition ()5.3p . 
Recall that when we derived it, we added a multiple of the Hamiltonian 
constraint. If we undo this and replace 

S ^S' = S + Satp-^C (5.70) 

then the evolution equation for the r-momentum constraint ()5.(i4|l becomes 

dtCr ^ -(3'drCr - (3'd,Cr - Aa^j-^e-^'' {dX - ia" V drS') . (5.71) 

Hence 
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which has real eigenvalues —f3^ ± ailj~'^e~^^ and so the system is hyperbolic 
and the IVP is well-posed. However, the modified slicing condition ()5.7()j) can 
easily become indefinite, depending on the sign of C. Indeed, the Multigrid 
method turns out to fail for the modified slicing condition even for relatively 
weak perturbations of fiat space. 

Fortunately there is a way out: suppose we enforce the momentum con- 
straints by using either the constrained scheme f sect ion [5. 4. 2j) or the partially 
constrained scheme (section lB.4.3j) . Then the offending equation ()5.f)4j) is dis- 
carded and the remaining system is clearly hyperbolic. 
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We have thus given a strong argument for solving the momentum con- 
straints if a maximal slicing condition is used that is manipulated by adding 
a multiple of the Hamiltonian constraint. Together with the results of section 
15.51 we conclude that the partially constrained scheme l5.4.3l is the only one of 
the schemes presented in section 15.41 that may be suitable for the numerical 
evolution of strong gravitational waves. 

One should remark that hyperbolicity of the constraint evolution system 
is not sufficient to rule out growth of the constraints. Depending on the 
matrix B in ()5.(i7|l . there could well be exponentially growing solutions. One 
could try to adjust B by adding suitable multiples of the constraints to 
the main evolution equations, as done, for example, in |143j . We have not 
investigated this possibility because the constraints appear to be bounded in 
our numerical evolutions (section IHTjl . 

5.7 Numerical evolutions of generalized Brill 
waves 

In this section we present some numerical results on the evolution of time- 
symmetric axisymmetric gravitational waves in vacuum, also known as Brill 
waves As a new ingredient, we include a nonzero twist. 

5.7.1 Initial data 

The initial time t = is chosen to be a moment of time symmetry, i.e., under 
the coordinate transformation t t' = —t the metric transforms as 




(5.73) 
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This implies that the spatial metric is an even function of t and so the 
extrinsic curvature (the time derivative of the spatial metric) vanishes at 
t = 0: 

Y = U = X = 0. (5.74) 

From definition ()3.6|) we infer that the spatial components of the twist vector 
are odd functions of time and the time component is even. Now definition 
(nrTf|l implies that 

E' = E' = (5.75) 
at t = 0. The initial data for the variables s and i?*^ is taken to be 

s = Asre-''-'\ = ABrze-''-'' (5.76) 

with constant amplitudes Ag and Ab- The Hamiltonian constraint ()5.24j) is 
then solved for the conformal factor ip. For this initial data the momentum 
constraints ()5.25fl3!^m) and the Geroch constraint ()5.27|) are automatically 
satisfied, and the unique solution of the gauge conditions ()5.19[ I5.22H5.2,1|) is 

a = l, f3'- = (3' = 0. (5.77) 

In Brill's original work [H2l and in all subsequent studies we know of, the 
twist was assumed to vanish. However, we would like to stress that a nonzero 
i?*^ is consistent with time symmetry so that the term generalized Brill waves 
is justified for the problem considered here. 

5.7.2 Boundary conditions 

On the axis r = 0, we enforce the appropriate Dirichlet or Neumann con- 
ditions as stated in table 15.11 Since our initial data is reflection-symmetric 
about the z = plane and the evolution equations preserve that symmetry. 
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a,f3\§^,ij,s,Y,U,X,B^,E\El, 

Table 5.2; z-parity of the variables of the hyperbohc-eUiptic system if reflection sym- 
metry is assumed. Under hned variables are odd functions of z, the remaining ones are 
even. 

we can save computational time by only evolving the upper half of the (r, z) 
plane. Reflection symmetry means that under the coordinate transformation 
z z' = —z the metric transforms as 

a'a^i^) = 9a^{-z) . (5.78) 

This implies that the variables we evolve are either odd or even functions of 
z. For an odd variable u, we impose a Dirichlet condition 

u\z=o = 0, (5.79) 
and for an even variable u, a Neumann condition 

dzuU=o = (5.80) 
is needed. The 2;-parity of all the variables we evolve is summarized in table 

Throughout this thesis we focus on asymptotically fiat spacetimes. We 
therefore assume a fall-off of all the variables like 

c 

M = Moo + 7^ (5.81) 
K 

for large R = yr^+z^, where Uoo is the flat-space value of the variable u 
and c is independent of R. This implies that 

= dR[R{u - Moo)] = M - Moo + ™,r + ZU^z ■ (5.82) 
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We use this as a boundary condition at r = r^ax and z = ^max for the elhptic 

equations, i.e., for the variables a,l3^,(3^ and initially ip. 

The remaining variables are evolved by hyperbolic evolution equations, 

and for them we impose an outgoing wave or Sommerfeld condition 

fit ~R) . ^ 

u = Uoo + ■'^ p ^ , (5.83) 
ri 

which we rewrite as 

= {dji + dt)[R{u — Moo)] = u — Moo + ™,r + zu^z + Ru,t ■ (5.84) 

These boundary conditions appear to work well in practice, although they 
are a rather crude choice which is not fully justified theoretically. We refer 
the reader to chapter |H1 where outer boundary conditions are discussed at 
length for a completely hyperbolic formulation of Einstein's equations. 

5.7.3 Numerical method 

The equations are discretized using second-order accurate centred finite dif- 
ferencing (section 14.111 on a single uniform cell-centred grid. Unlike Garfinkle 
and Duncan [^2] , we do not compactify the spatial coordinates, for fear that 
we might fail to resolve the waves as they travel out to infinity. 

For the time integration, we use the method of lines with the third-order 
Runge-Kutta scheme ()4.38b ). The second-order Runge-Kutta schemes fl4.37|l 
and the three-step iterative Crank-Nicholson method ()4.40ffl?^^ were also 
tried but were found to be substantially less stable in strong Brill wave evolu- 
tions. In particular, the simulations with those schemes suffered from an un- 
bounded growth of the constraint residuals. The fourth-order Runge-Kutta 
scheme ()4.39p gave results comparable to the third-order one but is compu- 
tationally more expensive. The Courant number is taken to be At/h = 0.5 
in all the evolutions presented here. 
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Fourth-order Kreiss-Oliger dissipation ()4.64|) with amphtude en = 0.5 
is added to the right-hand-side of the evolution equations. We found that 
without dissipation, a high-frequency instabihty occurred at very late times, 
in particular close to the boundaries. 

The boundary conditions are implemented via the method of ghost cells 
as explained in section 14.1.31 

We adopt the partially constrained evolution scheme f section l5.4.3|) . for 
the reasons discussed in the previous two sections. The elliptic equations are 
solved using the Multigrid method (section I4.3|l with red-black Gauss-Seidel 
relaxation. The FAS version of the method is used (although the equations 
are linear and so linear Multigrid would work just as well). Typically five 
W-cycles are needed to drive the residual well below the discretization error. 

5.7.4 Weak Brill waves with twist 

We first consider Brill waves with an amplitude Ag = 1, which is well in the 
subcritical regime. To study the influence of the twist, we perform simula- 
tions with three different amplitudes As = 0,2,4. The resolution is taken to 
be 128 points in both the r and the z direction and the outer boundaries are 

placed at Tmax = ^max = 10. 

Figure 15.11 shows the lapse function at the origin r = z = as a function 
of time. When a high-curvature region of spacetime is approached, we expect 
the lapse function to collapse because the (maximal) slices try to avoid that 
region and pile up. Because the minimum of the lapse is always found to 
lie in the origin, the value of the lapse there serves as a good "curvature 
indicator" . 

We see that the lapse performs a few damped oscillations and eventually 
returns to its flat-space value. The amplitude of the extrema is found to 
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Figure 5.1: Inao (logarithm of the lapse function at the origin) as a function of time for 
a Brill wave with amplitude — I and three different amplitudes of the twist: Ab — 
(solid line), 2 (dashed hnc) and 4 (dotted line) 

increase with increasing Ab, while the extrema occur almost at the same 
times. 

To check the accuracy of our code, we perform a convergence test: figure 
15.21 shows the norm'^ of the constraint residuals as a function of time for 
two different resolutions (here the amplitude of B'^ is taken to be = 2). 
Because the finite-differencing we use is second-order accurate, the residual of 
the constraints should decrease by a factor of four as the resolution is doubled. 
The numerical results indicate that we do not quite achieve second-order 
convergence (the decrease lies between a factor of 2 and 3). This is probably 
due to reflections caused by the imperfect outer boundary conditions, which 
do not appear to converge away with increasing resolution, 
^see equation ()7.108|1 for a definition of the discrete norm 
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Figure 5.2: norm of the constraint residuals as a function of time for a Brill wave 
with amplitudes As — 1 and Ab — 2 and two different resolutions: 64 points (solid lines) 
and 128 points (dashed lines) 

5.7.5 Strong Brill waves 

Next we turn to strong Brill waves with amplitudes Ag > 4. Thanks to the 
modified evolution scheme we use (section l5. 4. 3|) . we are able to evolve much 
stronger Brill waves than with the constrained scheme (section l5.4.2j) used by 
both Choptuik et al. and Barnes jHj. The constrained scheme failed for 
amplitudes Ag >3 due to a breakdown of the Multigrid solver, as explained 
in section 15.5.21 We also found that the free evolution scheme (section l5.4.1|l 
suffered from an unbounded growth of the constraints particularly for strong 
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Figure 5.3: Inao (logarithm of the lapse function at the origin) as a function of time 
for non- twisting Brill waves with amplitudes As — A (solid line), 5 (dashed line), 6 (dotted 
hue) and 7 (dot-dashed line) 

Brill wave evolutions, as predicted in section 15.61 

Figure 15.31 shows again the lapse function at the origin as a function of 
time for four different values of the amplitude Ag. In order to compare our 
results with those of Garfinkle and Duncan , we choose the twist to vanish 
here. As As is increased, the oscillations of the lapse become larger and larger 
and their frequency decreases. For Ag ^ 6, the lapse function continues to 
collapse and the formation of a black hole is expected. The interval 

5<A*<6 (5.85) 

for the critical amplitude is in agreement with |62j . 

To get some idea of what happens at the "phase transition", we show a 
few snapshots of the variable s for a slightly subcritical evolution {Ag = 4, 
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figure and a slightly supercritical one {Ag = 6, figure I375j) . While we 
see an outgoing wave form in the subcritical evolution, the marginally super- 
critical solution contracts rather than disperses. The As = 6 run crashed at 
t ^ 6 because the resolution was insufficient to resolve the small and highly 
dynamical features close to the origin. 

Critical collapse thus poses a major computational problem: more and 
more resolution is needed close to the origin as one approaches the critical 
point. At the same time, the solution is very smooth further away from the 
origin, so it would be a waste of computational resources to have a high 
resolution across the entire grid. This is a classic case for adaptive mesh 
refinement (AMR) (section 14. 5|) : we would like to add resolution only in 
regions where and when it is needed. We have not implemented AMR for 
mixed hyperbolic-elliptic systems yet but will use it in chapter IHl for the 
completely hyperbolic system derived in the following chapter. 

5.8 Conclusions 

This is a good place to draw some preliminary conclusions before we move 
on to the second part of the thesis. 

In this chapter, we considered a mixed hyperbolic-elliptic system that 
involved solving elliptic gauge conditions as well as (some or all) constraint 
equations. Two major problems with such systems were indicated, which we 
expect to be fairly generic in many formulations of the Einstein equations 
used in numerical relativity. 

Firstly, it is not always clear whether the elliptic equations one tries 
to solve have unique solutions. In particular, the Hamiltonian constraint 
in the form used here is problematic. Suppose that one attempts to solve 
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t=3.12 X=3M 

Figure 5.4: Snapshots of the variable s for a subcritical Brill wave with amplitude 
As = 4. The resolution is 128 points in each dimension and the outer boundaries are 
placed at rmax = -^max = 5. In all plots of this thesis, the axis r = is the bottom left 
boundary. 



CHAPTER 5. A MIXED HYPERBOLIC-ELLIPTIC SYSTEM 



104 





Figure 5.5: Snapshots of the variable s for a supercritical Brill wave with amplitude 
As — 6. Same parameters as in figure 
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this constraint during the evolution. Even if the numerical solver finds a 
solution, that solution could be non-unique. It could be a solution that is not 
compatible with the evolution equation ()5.28j) that the conformal factor must 
also obey. Therefore it is not sufficient to enforce the Hamiltonian constraint 
alone - one must also check the residual of the evolution equation. Because 
the Multigrid method we use is unsuitable for the Hamiltonian constraint, 
we decided to evolve the conformal factor freely and monitor the constraint 
residual instead. 

Secondly, we saw that if one uses free evolution (none of the constraints 
are solved), the constraint evolution system can become ill-posed if the max- 
imal slicing condition is simplified by adding a multiple of the Hamiltonian 
constraint, as usually done in the literature. To cure this problem, we pro- 
posed a modified evolution scheme which solves the momentum constraints 
but not the Hamiltonian constraint and which has a well-posed constraint 
evolution system. 

With our modified evolution system we were able to evolve both weak and 
strong Brill waves. We included a nonzero twist, which to our knowledge is 
the first time this has been done. The existence of a critical amplitude that 
separates dispersal of the waves from black hole formation was indicated. At 
present, we cannot study the critical behaviour more closely because we run 
out of resolution to resolve the features that occur near the origin on smaller 
and smaller scales. Adaptive mesh refinement would be needed to tackle this 
problem in a computationally efficient way. 

We decided not to continue to work on this formulation for the time 
being for a variety of reasons: well-posedness of the initial boundary value 
problem is difficult to prove for mixed hyperbolic-elliptic systems, it is not 
clear what the characteristics of the system are because part of the dynamics 
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resides in the variables that are solved for using elliptic equations, and the 
outer boundary conditions are ill-understood. All these questions will be 
addressed in the second part of this thesis for a strongly hyperbolic reduction 
of Einstein's equations in axisymmetric spacetimes. 



Chapter 6 

The Z(2+l)+l system 



Whereas in chapter we considered a mixed hyperbohc-elhptic system, we 
construct in this chapter a completely hyperbolic formulation of the Einstein 
equations for axisymmetric spacetimes. In contrast to elliptic systems, hy- 
perbolic systems of equations have the property that information propagates 
with finite speed along the characteristics. This makes them amenable to 
mathematical analysis more easily than mixed hyperbolic-elliptic systems in 
which because of the elliptic sector the solution at a given point depends 
on the solution in the entire spatial domain. In particular, one can use the 
characteristic structure to set up boundary conditions at the outer boundary 
of the computational domain. For certain types of hyperbolic systems and 
boundary conditions, theorems exist that guarantee the well-posedness of the 
initial boundary value problem (IBVP). By well-posedness we broadly mean 
that a unique solution exists at least for some finite time and that it depends 
continuously on the initial and boundary data. 

There are many ways of obtaining hyperbolic formulations of the Einstein 
equations. Most approaches are based on the ADM decomposition outlined in 
section ing Unfortunately, without further modifications the ADM system is 
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only weakly hyperbolic and thus does not have a well-posed IB VP (e.g., |HZ1)- 
Strongly hyperbolic systems can be obtained by adding certain multiples of 
the constraints to the evolution equations. Among the variety of such systems 
are the ones of Frittelli and Reula ^59^ and Kidder, Scheel and Teukolsky 
|87j . Whereas those authors assume an arbitrary but fixed gauge, dynamical 
gauge conditions were incorporated later (e.g., Lindblom and Scheel ^B])- A 
particularly simple and beautiful way of producing the required constraint 
additions "automatically" is a covariant extension of the Einstein equations 
first introduced by Bona et al. [23] called the Z4 system. That formulation 
has the additional advantage of a simpler constraint structure, as we shall 
see in the following. 

This chapter is mainly based on Rinne & Stewart |119j . We apply the Z4 
extension to the (2+l)+l formalism presented in chapter El (sectioning. The 
evolution system is completed by dynamical gauge conditions that generalize 
harmonic gauge f section l6.2j) . We cast the system in first-order form (section 
16. Hj) and analyze its hyperbolicity (section l(i.4|l . The characteristic variables 
and speeds are worked out explicitly. Particular emphasis is placed on the 
treatment of the coordinate singularity on the axis f section l6.5|) . By a judi- 
cious choice of new dependent variables we can write our first-order strongly 
hyperbolic system in a form where each and every term is manifestly regular 
on axis. Some exact solutions are used to check the equations using a pro- 
gramme written in the computer algebra language REDUCE f section l6.6p . 
This programme was also used to generate functions written in C for the 
numerical evolution. 
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6.1 The Z4 extension of the (2+1) +1 formal- 
ism 



Bona et al. [23] suggested adding a covariant term V(aZ^) to the Einstein 
equations, 

Rai3 + 2V(aZfs) = K [T^p - \Tgo,p) . (6.1) 

Clearly this reduces to the Einstein equations if and only if Z„ = 0.^ For the 
extended equations to be axisymmetric, Za has to share the axisymmetry, 

C^Za, = . (6.2) 

We would now like to apply the (2+1) +1 formalism directly to ()6.ip 
rather than to the original Einstein equations. To do this, it is convenient to 
rewrite ()6.1|) as Einstein's equations 

Gap = nf^p (6.3) 
with a modified energy-momentum tensor 

Tap = Tap-l {^(aZp) - \gapS/ ^Z^) ■ (6.4) 

We then compute the (2+l) + l matter variables corresponding to ()6.4|) and 
insert them into the (2+l) + l equations ()3.5()fn?3n|) . 

First, we decompose Za with respect to the Killing vector (Geroch 
decomposition), 

Za = Za + iaZ"" , (6.5) 

where we have defined 

Za = ha^Zp (6.6) 
"'^Strictly speaking, it is sufRcient if Za is Killing, but from a numerical point of view 
that is a very special case. 
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and 



The projections of 



are found to be 



Z^ = \-^CZa. (6.7) 

Xap = ^iaZp) (6.8) 

X^^ = XXaZ\ (6.9) 

X^a = leatcZ'uj'+^X^Z'^^a, (6.10) 

Xab = D^J.y (6.11) 



Using this, we can easily compute the modified matter variables ()3.16j) cor- 
responding to (j6.4j) . 

f = T - K-\X-^XaZ^ - DaZ^) (6.12) 

fa = r,-K-i(A-3e,,,ZV + Z^,J (6.13) 

fab = Tab - [2D^aZb) - (X'' X,Z' + D,Z'')hab] • (6.14) 

Here and in the following, we leave out the hat in Za (there should be no 
ambiguity because it carries a Latin index). 

Next, we decompose Za with respect to the timelike normal Ha (ADM 
decomposition), 

Za = L + nae, (6.15) 



where we have defined 



and 



The projections of 



9 = -n^Za (6.16) 



Za = Ha'Zb. (6.17) 



Xab = D^aZb) (6.18) 
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are found to be 

Xnn = -a-^aA^^ - Cn9 , (6.19) 

Xr^A = \CJa + XAB^Z^ + \ci~^CiAe -\eA, (6.20) 

Xab = di^AZs) - XabO . (6.21) 
Further identities we need are 

XaZ" = XaZ"^ - XK^'^e , (6.22) 

n^abcZ'uj'' = X^E^^A, (6.23) 

i/%e,,,ZV = X'B'^eAB^'' ~X:'Ea9, (6.24) 

where the definitions of K^"^ (IT^ . E^ (nTTTI) and B'^ have been used. 

The modified (2+1) +1 matter variables ()3.49j) are then computed as 

f = T + [CnO + Z^wA + {Aa - La)Z^ + (ir/ - x)0] , (6.25) 
Sa = Sa + k-^ {-Z^a + B^^abZ"" + EaQ] , (6.26) 
= r + + E^Za] , (6.27) 

= SaB + I^ ^[ — '^Z(^A\\B)+'^XAB6 + HAB{^n6 + Z'^\\c 

+ {Ac + Lc)Z'' - (x + K/)e} ] , (6.28) 
Ja = Ja + [jCuZa - 0,A + 2xabZ'' + AaO] , (6.29) 
Ph = PH + i^-'[CnO-Z^\\A + {AA-LA)Z^ + {x + K^nd] (6.30) 

where we again leave out the double hat in Za- 

Inserting the modified matter variables into the (2+l)+l equations, we 
arrive at what we call the Z(2+l)+l equations. The constraints ()3.5()fl!?3^ 
are turned into evolution equations for the Z vector, 

CJ = C + {X-^XA-a-^aA)Z^ + Z^\\A-{x + K/)e, (6.31) 
C^Za = Ca-2xabZ'' -a~'aAe + e,A, (6.32) 
Cr^Z^ = C^-E^Za. (6.33) 
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We see from ()6.31hin3^ that if the Z vector vanishes at all times, then C, Ca 
and C^p also vanish at all times. In this sense, the original constraints C = 
Ca = = 0, which involve derivatives of the metric and extrinsic curvature, 
are replaced with the purely algebraic constraints 6 = Za = Z'^ = 0. 
The evolution equations are modified in the following way: 

CnXAB = ■■■ + 2^(A||B) - '^.xabO , (6.34) 
= ... + 2LAZ^-2K^^e, (6.35) 
= . . . + 2Z'^'^ - 2^^^ - , (6.36) 

where . . . denote the right-hand-sides of ()3.56j) . ()3.57j) and ()3.58|1 . respec- 
tively. The remaining evolution equations are unchanged. Thus terms ho- 
mogeneous in the constraints are added to the evolution equations, a feature 
common to many hyperbolic reductions of the Einstein equations. Here it 
occurs in a completely natural way - there is no need to add the constraints 
"by hand" . 



6.2 Dynamical gauge conditions 

To complete our evolution formalism, we need to prescribe the gauge variables 
a and P"^. Since we are aiming for a completely hyperbolic system, we would 
like to impose a hyperbolic gauge condition as well. The prototype of such a 
condition is harmonic gauge, which can be derived as follows. The principal 
part of the Einstein equations can be written as ^1 1^3] 

-g^'ga(3,^s + 2r(,,^) ~ o , (6.37) 

where we have defined 

r„ = r„^^ = gasg^^T^^ (6.38) 
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and ~ denotes equality to principal parts. If we now adopt the harmonic 
gauge condition 

g^^x^'.^s = -r" = , (6.39) 

where the coordinates x° are to be treated as scalar fields, the Einstein 
equations reduce to a wave equation for the metric, 

g'''gaf3,^s ^ . (6.40) 

This system of PDEs is clearly symmetric hyperbolic (section l6.4j) . a property 
used by Bruhat [34j in the first well-posedness theorem for the initial-value 
problem of the Einstein equations. 

The principal part of the Z4-Einstein equations ()6.H1 takes the form 

-9"'^9af3,^s + 2r(„,^) + 4Z(,,^) ~ . (6.41) 

In order to retain ()6.4()j) . we have to replace ()6.39j) with 

= -r" = . (6.42) 

This condition can be translated into (2+l) + l language by going through 
the Geroch and ADM decompositions as in chapter El We arrive at the 
following evolution equations for the lapse and shift: 

dta = -a^ix + K^^ - 20), (6.43) 
Q^p^ = -a\d^\n{a\VH) + dBH^^ -2Z^) , (6.44) 

where here and in the following we set 

Qt^dt- P'^dB . (6.45) 
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Bona et al. [2111211 have generalized (the 3+1 analogue of) these condi- 
tions by inserting some free constant parameters /, m, fi, d and a, 

= -a^ [f{x + - mO)] , (6.46) 
= -a" [2/i (d^ ln(A/^) + i^BiJ^^ - Z^) 

-ci9^1n(Av^) + aa^lnaj . (6.47) 

Clearly, we recover the original harmonic gauge conditions ()6. 43^1^1^^ if we 
set/ = /i = (i = a = l and m = 2. 

For even more generality, one could add to the right-hand-side of ()6.42|) 
an arbitrary gauge source function G^, which may depend on the coordinates 
and the metric but not on its derivatives, so that the principal parts of the 
Einstein equations are unaffected. Such a modification corresponds to adding 

9i/?^ = ...-a'G^ (6.48) 

in (jOHHOTjl . where 



G° = G°(x'^,i7^B,A,«,/3^), 

= G^{x^,HAB,X,a,(3^) . (6.49) 

Such gauge source functions were first introduced by Friedrich pTJ and have 
recently been applied to numerical relativity [HU I112j . Here we argue that 
they are particularly important in the context of axisymmetry: notice that 
the r-component of the right- hand- side of ()6.47|1 is singular on the axis be- 
cause A = 0(r) there and so d^lnX = 0{r^^). One might hope that by 
choosing the gauge source function G^' appropriately, one might be able to 
cancel the offending term. We will see in section 16.51 that this is indeed 
possible. 
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As an alternative to ()6.47p . one could choose the shift vector to vanish, 

/3^ = 0, (6.50) 

and this is the choice we made in |119j . More generally, one could set to 
some arbitrary but fixed functions. 

In both cases, we apply the harmonic slicing condition ()6.46|) . Harmonic 
slicing has been shown to have similar singularity avoidance properties as 
maximal slicing |2E]- It has been successfully used in stable evolutions of 
black hole spacetimes Claims have been made |1] that for / 7^ 1 in ()(j.4()j) . 
coordinate pathologies might arise. Another reason for choosing / = 1 is the 
symmetric hyperbolicity of the system in the zero-shift case (section l6.4p . 

6.3 First-order reduction 

The Z(2+l)+l equations (jOW^ ITK^^^rKKl K^ . supplemented with 
the dynamical gauge conditions ()6.46riU^Trj) . form a system of pure evolution 
equations. They contain only first-order time derivatives but up to second- 
order spatial derivatives. Whilst methods for analyzing the hyperbolicity of 
such second-order systems have recently been developed (e.g., |lU3t 171] 17^). 
the most straightforward way is to perform a reduction to a set of evolution 
equations that are first-order in space and time. 

To eliminate the second-order spatial derivatives, we introduce new vari- 
ables for the first-order spatial derivatives of the metric and gauge: 



Dabc = ^OaHbc , (6.51) 

La = X'^OaX, (6.52) 

Aa = a~^dAa , (6.53) 

Ba^ = a-^dA^^ . (6.54) 
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Evolution equations for these can be obtained from ()3.54flH7S^ and ()6.46l - 
l(i.47|l by commuting space and time derivatives^, 

dtDABC = \{.dtHAB),c etc. (6.55) 

and noting that = a~^{dt — Cp). Indices are raised and lowered with 
the 2-metric Hab (formally, for Dabc aiid B^^ are not tensors). The two 
independent traces of Dabc are denoted by 

D^A = Dab^ , D^^A = D^ba ■ 

A crucial step for obtaining a hyperbolic system is the reduction of the 
Ricci tensor. We use the De Donder-Fock decomposition EB] 

^"^^RaB = —D'^AB,C + '^D^^{A,B) — D^{A,B) 

-2DcabD'''' - Tcab{2D'''' - D'^) (6.56) 
+4^DcdaD'-''^ B — ^acd^b'~'^ , 
where of course the Christoffel symbols are given by 

Tabc = DcAB + Dbca - Dabc- (6.57) 
A different possibility would be the standard Ricci decomposition 

^"^^Rab = r*^A_B,C — ^'~^CB,A + r^DCr*^AB — ^'^ DA^^CB (6.58) 

or linear combinations of the two but only the choice ()6.56|1 leads to a 
symmetric hyperbolic system for / = 1 f section l6.4|) . 

It is now straightforward to write the Z(2+l) + l equations in conservation 
form with sources, 

+ [-P^u + aj^^(u)] ^ = aS{u) . (6.59) 
^There is an ordering ambiguity for the second-order spatial derivatives on the right- 
hand-side of the evolution equations for the first-order variables. We always use the 
ordering that produces an advection term along the shift, equation H6.59|l . 
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Here, u is the vector of conserved variables, 

U = iHAB,\a,P^,DABC,LA,AA,BA'',XAB,K^'',E^,B'^, 

e,ZA,Z'^f. (6.60) 

(These variables do not have any physical interpretation as conserved quan- 
tities such as mass, angular momentum etc.) ^^(u) are flux vectors, whose 
components are given by 



Hab 


— 


0, 


(6.61) 


tD 

•r X 


— 


0, 


(6.62) 




= 


0, 


(6.63) 


J- pA 


— 


0, 


(6.64) 


Dabc 


— 




(6.65) 


J- La 


= 




(6.66) 


•r Aa 




5A''f{x + K^''-m9), 


(6.67) 


J- BaB 




i<5^^ [2/i(L^ + D'^ - L>"^ - Z^) - d{L^ + D'^) 










(6.68) 


XAB 




D^AB — S(A^ (2£)"s) + 2Zb) — D^B) — Lb) — Ab)) 


(6.69) 








(6.70) 


J- EA 




-2H^'^Zf - e^^B"^ , 


(6.71) 


J~ Bf 




-e^'^EA , 


(6.72) 


tD 
-r e 






(6.73) 


J- Za 




-Xa"" + 5^{X + - 0) , 


(6.74) 


•r Zf 






(6.75) 



We have separated the common advection term along the shift vector in 
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()6.59|) from tlie fluxes. Because this is a diagonal term, it does not affect the 
eigenvectors presented below in section IfTil (it merely shifts the eigenvalues). 

S{u) is a source term containing no derivatives, apart from those of the 
gauge source functions and G^, but because of ()6.49|) those can be written 
as first-order variables without derivatives. The sources are given by 

Sh^s = -2xab + 4:B^ab)-2Bd''Hab, (6.76) 

5a = -AK7-25,5^A, (6.77) 

Sa = -a[f{x + K^^ -m9) + G'^]-2BD''a, (6.78) 
Sf,A = -a[2fiiL^ + D'^-D''^-Z^)-d{L^ + D'^) 

+aA^ + G^] - 2Bd^(3^ , (6.79) 

2Ba''Ddbc - 2Bd''Dabc , (6.80) 

= 2Ba''Ab-2Bd''La, (6.81) 

Saa = 2Ba''Lb-G\a-AaG'^ -2Bd''Aa. (6.82) 
Sb^b = 2Ba^Bc'' -2Bd''Ba'' + f{x + K^"" -mO)BA'' 
-\Aa [2/i(L^ + D'^ - D"^ - Z^) 

-diL"" + D^^) + aA^ + 26-^] - iG^^A , (6.83) 

'^XAB = ^{A {-2D^^B)D^B) + Lb) - 2Zb)) 
-LaLb + Dcab{A'' -2D''^) 
-Tcab{2Z'' + 2/}"^ - D'^ - - A^) 
+WcdaD''''b - TacdTb'''' - 2Bd''xab (6.84) 
+2(25(A^ - XiA'')XB)c + Xab{x + K/ - 29) 
-|A2 [eAceBDE'^E^ - Hab{EcE^ - B^^)] 
-K [Sab + \Hab{ph - Sc^ - r)] , 

Sk,. = LA{2Z^-L^-D'^) + K/{x + K''-m 
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-\k{ph - Sc^ + t) , 

Sea = (4L'"^ - 2^^)Z'^ + (x + 3X/ - 2^)^;^ 

-2Bb^E^ - 2Bd^E^ (6.86) 

+e'^^B'^{3LB - 2Zb + £>^b) - 2«;5^ , 

= xB'' + €^^EaD'b-2Bd''B'^, (6.87) 

5e = /lA(i^'^ - /^""^ + - 2Z^) 

+{La + D\){Z^ - L^) - '^D'aD'^ 

+DabcD^^'' - ir^scr^^^ - 2Bn''e (6.88) 

+ i(x' - XABX^"") + xi^/ - (x + i^/)^ 
-iA2(£;^£;^ + 5'^2)_^^^^ 

Sz^ = 2B^^ZB-25z5^Z^ + A^(x + i^/-2^) 

-L^/r^^ + Xab{D''' + - 2Z^ - A^) (6.89) 

Szv = \E^{D\ + 2,La-2Za- Aa)-2Bd^Z^ - kJ^ . (6.90) 



Note that Hab-i A, a and /^"^ have vanishing fluxes and thus trivially prop- 
agate along the normal lines. The twist variables E^, B'^ and Z'^ form a de- 
coupled subsystem on the level of principal parts (i.e., fluxes). In linearized 
theory, it completely decouples because the twist variables enter the source 
terms of the remaining equations only quadratically. 
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6.4.1 Generalities, well-posedness of the IVP 

To investigate the hyperbolicity of the Z(2+l) + l system, we pick a unit 
covector and define an orthogonal covector 

TTA = eABfJ'^ , (6.91) 

so that 

/iAyW^ = TTATT^ = 1 , flAn"^ = . 

Thus 71"^) form an orthonormal basis for the tangent space of the slice 
Projection along fi and vr is denoted as^ 

= K^/iA , = V\a ■ (6.92) 

Consider the Jacobian matrix of the fiux in the /^-direction, 

J ^ ^ . (6.93) 

A vector r is a right eigenvector of J with eigenvalue or characteristic speed 
A if 

Jr = Ar . (6.94) 

A vector 1 is a left eigenvector if 

J^l = Al . (6.95) 

Note that has the same eigenvalues as J. The characteristic variable I 
corresponding to a left eigenvector 1 is defined to be / = Fu. 



■^Here we use the opposite notation to because later (chapter IHJ, fJ. will be the 

normal (_L) to the boundary and tt will be parallel (||) to it. 
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The system is said to be weakly hyperbolic if all the eigenvalues are real, 
independently of the direction fi. It is strongly hyperbolic if in addition there 
exist complete sets of left and right eigenvectors (i.e., they span the space), 
independently of fi. Finally, it is symmetric hyperbolic if J is symmetrizable 
(i.e., there exists a symmetric positive-definite matrix H such that HJ is 
symmetric) with a symmetrizer H that is independent of fi. Clearly, sym- 
metric hyperbolicity implies strong hyperbolicity, which in turn implies weak 
hyperbolicity, but not the other way around. 

The significance of strongly hyperbolic systems as opposed to weakly hy- 
perbolic ones is that at least for the case that the fluxes and sources are 
linear and homogeneous in the unknowns u, they admit a well-posed Cauchy 
or initial value problem (IVP) in the following sense f73\ I129j : for every 
initial data f G C°°{x^), u(0,x^) = /(a;^), there exists a unique solution 
u(t,x^) G C°^{t,x^) such that 



where the constants K and a are independent of /, and we are using 
norms'^. For nonlinear systems such as the one being considered in this 
chapter, one can only hope for the estimate to hold for a finite time. 

This is because in the nonlinear case, characteristics might cross to form 
shocks (as is well-known in hydrodynamics) so that a regular solution exists 
only for a finite time, or the nonlinear source terms might lead to an even 
more severe blow-up. 

The significance of symmetric hyperbolicity is that it implies the existence 
^Technically, one requires the additional condition that the matrix of eigenvectors and 
its inverse are uniformly bounded. 




(6.96) 
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of a positive-definite energy (which has no physical meaning in general), 

S{t)= / u^Hud^x>0, (6.97) 

where H is the symmetrizer of the system. Suppose now that the slices S(t) 
have a timelike boundary 9S. Consider a simple linear constant-coefficient 
problem 

ut = A^dAU. (6.98) 

Using the fact that the matrices HA"^ are symmetric, and Gauss' theorem, 
we have 

dt£{t) = [ 2u^HA\Ad^x = I dA{vi^HA^VL)d^x 

= / u^HA^udx, (6.99) 

where A-^ = A"^ha denotes the contraction of A with the normal /i to the 
boundary. If the boundary conditions are chosen such that the last integral 
in ()6.99j) is always non-positive, it follows that ^ £{t) ^ ^^(0) for all t > 0. 
Such energy estimates are the key ingredient of well-posedness proofs for the 
initial boundary value problem |115| I124j . 

6.4.2 The dynamical shift case 

We first deal with the general case in which the dynamical shift condition 
()6.47|1 is included. 

The system is found to be strongly hyperbolic provided that / > 0, /i > 
and (i > 0. The parameters m and a are generally unconstrained. However, 
the following degenerate cases require more care: 

• / = !: m = 2is needed for strong hyperbolicity. 

• d = 1 : Here we must also set ;U = 1 and a = 1. 
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• d = f: a = lis required. 

For /i G {1, f,d} without any further degeneracies, the remaining parameters 
need not be adapted. 

The characteristic speeds A and their muhiphcities are 



Ao 


= 


(7) 






= ±1 


(2 X 


6) 




= ±v7 


(2 X 


1) 




= ±v^ 


(2 X 


1) 




= ±Vd 


(2 X 


1) 



Note that because of the advection term and the factor of a in the fluxes in 
the actual characteristic speeds are —p-^ + a A. For / ^ 1, yU ^ 1 and 
d ^ 1, the characteristic speeds are all causal. If the equality holds, they are 
all "physical" (i.e., either zero or equal to the speed of light). 
The characteristic variables are given by 

Normal modes (A = 0): 



0,1 


= 


(6.101) 


0,2 




(6.102) 


0,3 


= Alllh 


(6.103) 


0,4 


= k-D , 


(6.104) 


0,5 


= ^Ih 


(6.105) 


0,6 




(6.106) 


0,7 


= ^lllh 


(6.107) 



along with the zeroth-order variables Hab, A, a, (3-^ and 
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Light cone modes (A = ±1): 

Iti = i^/-X||||+2S||||±(L^-L>^llll), (6.108) 

Z±2 = ^11^5'^, (6.109) 

Z±3 = ^-2S||||±(L>^||||+L^-L>||||^-Z^), (6.110) 

= x/ + xiiii-^±(i^iiii± + ^±), (6.111) 

/ts = X±||±i(^|| + ^||±±-%||+^||-2Z||), (6.112) 

Z±g = £;^^2Z'^. (6.113) 



Lapse cone modes (A = ±v^): 

If = ^±-/ci(i5±||||+L±-i?||||±-^±) 

±/7 + Xiiii + ^/ - (/ci + 2) ^ + 2ciS||||] , (6.114) 

where we have set 

ci = ^ . (6.115) 

For (/ = 1 ,m = 2), the undefined expression ci is to be replaced with an 
arbitrary fixed constant (e.g., for simplicity). 

Transverse shift cone modes (A = ±v7^) = 

5 = aA||+2//(L||+L>||^^-L>^^ll -Z||) 

-c?(^||±± + i^iiiiii + ^ll) ± ^Vl^iB^W + 5||±) • (6.116) 
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Longitudinal shift cone modes (A = ±\/d): 

= {fc2 + l){x±± + X\\\\+K^n 

+ (/c2C3 + 2c4)(2B|||| -9)- fmc^e - 2{B^^ + 

±V^ [L»x±± + ^±1111 + + C2Ai (6.117) 

-(/C2C3 + 2c4)(Lx + D^iiii Z),,,,^ - Z, 

where we have set 

C2 = -^, C3=^, C, = j-j. (6.118) 

As stated above, ii f — d then we must have a — 1, and C2 is to be replaced 

with an arbitrary constant. If d = 1, we also need m — 2 and = 1, and 
both C3 and C4 are to be replaced with arbitrary constants. 

The inverse transformation from characteristic to conserved variables is 
given by 

D^^i. = \UciC, + 2ci){ll^-ll^)-\(ll^-ll^ + ll^-ll^) 

-|C2(Z; + Z7) + ^(C -/,-), (6.119) 

^±±11 = ^/o,5 + ^(/o,l + 2/0,3 + ^4) + K^ts - ^1^5) 

-l,{lt + l-,)^ (6-120) 

^±1111 = li-iti + Ki + it^-Kz + iU-KA), (6.121) 

i^||±± = /o,i, (6.122) 

^||||± = /o,2, (6.123) 

^ = /o,3, (6.124) 

Li. = i(/ti-/i:i + /t3-/i;3 + /t4-/M), (6.125) 

h = /o,3 + /o,4, (6.126) 

= 1(^ + ^7) + 1^1(^^3-/1:3), (6.127) 
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A„ = /o,5, (6.128) 
= -\ilj + r,) + j^ifc, + l)ilj-l-) + im-l)loj 

-i [/ci(c5 - 1) + 2(C4 - 1)] (/+3 + /i:3) , (6.129) 







(6.130) 




= ^0,6 ! 


(6.131) 




= ^0,7 ; 


(6.132) 




= i(/c, + 2)(/+3 + /^;3) + ^(/;-/7) 






+ + + Iia) + 2(m - l)/o,7 , 


(6.133) 


x±\\ 


~ + ^1,5) ' 


(6.134) 


X\\\\ 


= i(~^tl ~ ^1,1 + ^1^3 + ^1,3 + + ^1,4) + 2/0,7 , 


(6.135) 




~ i(^M + ^1,1 + + ^1,3 + + ^1,4) ) 


(6.136) 




~ 2(^1^6 ~'~ ^i.e) ' 


(6.137) 


E\\ 


~ 1(^1^2 ^1,2) ' 


(6.138) 




~ ~\iJ'l,2 ^ /l,2) 5 


(6.139) 


e 


= |(/lt3 + /l,3) + 2/0,7 , 


(6.140) 




= |(^M " h,A) ~ /o,2 , 


(6.141) 




= + /o,4 + ^0,5) " " /i.s) ; 


(6.142) 






(6.143) 



where in addition we have defined 

a — 1 , , 

c.^—^. (6.144) 

Unfortunately, the system with a dynamical shift is never symmetric hy- 
perbolic, not even for harmonic gauge [f = d = fi = a = 1, m = 2). This 
is because the antisymmetric part of Bab does not enter the fluxes (only 
the symmetric part appears in the flux of Dabc, equation ()6.65|) ). How- 
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ever, B^ab] itself has a nonzero flux ()6.68|) . Hence a direction-independent 
symmetrizer does not exist. 

6.4.3 The vanishing shift case 

Next, we deal with the choice (3"^ = for the shift vector. This is the case we 
considered in |119p . The following analysis would be unchanged if we chose 

to be some nonzero fixed vector (except that the eigenvalues would be 
shifted by A ^X-a-^(3^). 

The system is found to be strongly hyperbolic for all / > 0. The pa- 
rameter m is unconstrained, expect for / = 1, in which case we need m = 2 
in order to maintain strong hyperbolicity (and hence we recover harmonic 
shcing ■ 

The characteristic speeds and multiplicities are 

Ao = (7) 

A^ = ±1 (2 X 6) (6.145) 
Xf = ±Vf (2x1) 

The characteristic variables can readily be obtained from the dynamical 
shift case with the following modifications: 

• Replace the normal modes /o,6 and Iqj with 

k,6 = fm{D±i\ii+ L±- Diii\±- Z±) 

-/(^±±± + /^±||||+^±)+^±, (6.146) 

^0,7 = M(^|i±± + Li\ - D±±ii - Z\\) 

-/(^||±±+^||||||+^||) + ^||- (6.147) 
^The definitions of tiie characteristic variables in differ from those presented here 
in the ordering and by hnear combinations. 
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Here we see very clearly how even though two normal modes {B\\± 
and B\\\\) are lost, the system manages to remain strongly hyperbolic 
because two new normal modes appear. 

• Set = in if^^ and l^. 

• Clearly, there are no transverse and longitudinal shift modes in this 
case. 

The inverse transformation is obtained from the dynamical shift case by 
making the following changes: 

• Replace the expressions for D±±± and -D±±|| with 



= -7^o,6 + i(/ci + 2)(/+3-/i;3) 

-Wis - + - + 27 W + ^7) ' (6-148) 
D±±\i = + ^^1^(^0,1 + 2/0,3 + ^0,4) 

-^/o,2 + - K^) ■ (6-149) 

• Discard the equations for and 

• Set Zo,7 = in the expressions for x_l_l, X|||h ^f'^ ^- 

The case (/ = 1, m = 2) corresponding to harmonic slicing is special in 
that it is the only choice of parameters for which the system is symmetric 
hyperbolic. An explicit expression for a positive definite energy is 
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8 




+ {K^^ + X- 29f + AaA 

+K/^ + LaL^ 
+EaE^ + 5'^^ + 4^"^^ , 



A 



(6.150) 



where 



Va = Aa + D\ + La-2D^\-2Za, 

AB = AB + 5{A^Vb) ■ 



(6.151) 



When computing the principal part of dtS., the terms in each individual line 
of ()6.150|) combine to form a total divergence as in ()6.99|) . 

6.5 Regularity on axis 

The Z(2+l)+l equations presented so far in section turn out to be sin- 
gular on the axis r = and are thus unsuitable for numerical simulations. 
For instance, the term Lj. = X^^X^r appearing several times in the fluxes and 
sources is 0{r^^) for small r because A = 0{r). We will see in this section 
how the regularity conditions for axisymmetric tensor fields (chapter ^ can 
be used to write the equations in a manifestly regular form. 

6.5.1 The main regularization procedure 

Let us first deal with one of the regularity conditions for 2-tensors Majs, which 
follows from fTI^ . 



r 



'2M 



l + 0(r2) 



(6.152) 



rr 
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near the axis. For the metric g^is this imphes 

^ = 4^ = l + 0(r^). (6.153) 
We enforce this condition by replacing A with a new variable s defined by 



A = re"V^, (6.154) 

where s = 0{r) near the axis. Also, the logarithmic derivatives La of A 
()6.52|) are replaced by the ordinary partial derivatives sa of s. To satisfy the 
corresponding regularity condition for the extrinsic curvature, we introduce 
a new variable Y via 

i^/ = |^ + ry (6.155) 

(note that K^^p = X'^K^p''^) with Y = 0{r) on axis. Similary for the energy- 
momentum tensor, we set 



+ rf, (6.156) 



Hr 

where f = 0(r) on axis. We remark that the definitions of the variables s, 
Y and f can be viewed as generalizations of those in section 15.21 

The second step of the regularization procedure is concerned with the 
first r-derivatives of those variables u that are 0(r) on the axis. Consider 
the combination 

{r~^u)^r = r~^Ur — r~'^u . (6.157) 

While each term on the right-hand-side is singular on the axis, the left-hand- 
side shows that their difference is perfectly regular (it is 0{r) on the axis). If 
we evolve the variables u and Ur separately in a numerical code, this subtle 
relationship will fail to hold because of numerical errors, and the right-hand- 
side of fl6.157p will blow up on the axis. Such combinations do occur in the 
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equations and so it is essential to address this problem. We enforce regularity 
of ()6.157j) by evolving instead of Ur the variable 

Ur = ir-\)^r- (6.158) 

This implies the following redefinitions: 

D ^ D =-ir~'^H ) =r~^D - -r~'^H 
B/ B/ = ia-i(r-i/50,r- = r'^B/ - \a-^r-^f5' , (6.159) 

6.5.2 Choice of gauge source functions 

As pointed out in section 16.21 the right-hand-side of the evolution equations 
for the shift vector ()6.47|) is singular on the axis, unless the gauge source 
functions in ()6.48|1 are chosen appropriately. The offending term in ()6.47|1 
is 

(2^-c/)(9^1nA = (2^-c/)L^. (6.160) 
In terms of regularized variables, 

La = rsA + DArr + Sa"{s + r-i) . (6.161) 

We can cancel the irregular term by subtracting from Lr- This corre- 
sponds to setting 

G"- = -(2/i - d)r-^W (6.162) 
in ()6.48|) . For the remaining gauge source functions we choose 

G'° = G" = 0. (6.163) 

Different choices of gauge source functions are of course possible. The one 
presented here is minimal in the sense that it precisely cancels the singular 
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Hrr ) Hj-z ; Hzz J §.1 Oil P ; /3 , 
J-^rrr ; ^rrz ; ^rzz i ^ zrri ^ ztz i ^ zzzi '^r_i £V) -Pr ; ^T_i ^z i ^z i 

Ph, c", "Z*^, -/z, 

T, <SV ; •S'x , Syi , , S'j-j. , Srz ) Szz • 

Table 6.1: The regularized conserved variables u and their small-r behaviour. Under- 
lined variables are 0{r) on the axis, all others are 0(1). 

term in ()6.47|1 . We will see another application of gauge source functions in 
section 17.21 in the context of linearized theory. 

A reasonable check for any gauge condition we choose is that Minkowski 
space in standard cylindrical polar coordinates is a solution. In this chart, it 
is given by 

Hab = Sab, X = r^s = 0, a = l, = (6.164) 



and of course Z =0. It is easy to check that ()6.48|1 is satisfied for the choice 
()6.162|) . but not for G^' = 0. Hence it it essential to include a gauge source 
function in order to be able to evolve flat space in standard coordinates! 

6.5.3 Regularized conservation forms 

It can now be verified with the help of a computer algebra programme (see 
appendix EI) that in terms of the regularized conserved variables u (table 
16.11) . the Z(2+l) + l equations can again be written in conservation form 



U.i + 



-P^u + a^^(u) =aS(u), (6.165) 
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where now the fluxes JF^ and sources S are regular on the axis, provided 
that the appropriate boundary conditions are enforced. For a variable u that 
is 0{r) on axis (the underlined variables in table IFTTjl . a Dirichlet condition 

u\r=o = (6.166) 

is needed, and for a variable u that is 0(1) on axis (the remaining variables 
in table lUrTj) . we enforce a Neumann condition 

dru\r=o = 0. (6.167) 

This ensures that terms such as r~^u, r~^drU, etc. are well-behaved on the 
axis. Numerically, this procedure works as long as we do not evaluate the 
fluxes and sources at r = 0. This is one of the reasons why we use a cell- 
centred grid (section 14.1.111 . in which the centre of the innermost cell is half 
a grid spacing away from the axis. 

In |119j . the variables are further redefined by taking out the leading 
order of r, i.e. 

^ = r-\ (6.168) 

for the variables that are 0(r) on the axis (the remaining ones are un- 
changed). The equations can then be written in the form 



dtn + 



-2P(3''u + aJ^ (G) 



l3'u + aJ^{u) =aS{u), (6.169) 



where now the fluxes JF and the sources S are manifestly regular on the 
axis, i.e., no negative powers of r appear and they are even functions of r. 

One might wonder whether one should discretize ()6.169|) on a grid that 
is uniform in r or on one that is uniform in r^, since the derivatives are now 
taken with respect to r^. On the former grid, one can enforce Neumann 
conditions for all the modified variables u. On the latter grid, however, it 
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is not so clear what the boundary conditions should be. One might derive 
boundary conditions by restricting the evolution equations to r = 0, but those 
would include both time derivatives and spatial derivatives tangential and 
normal to the r = boundary. An earlier attempt of Nakamura et al. |lU4j 
for a similar set of equations on an grid led to numerical instabilities on 
the axis, which could only be controlled by adding a large amount of artificial 
viscosity. 

Another problem with the grid is that the characteristic speeds are 
non-uniform (proportional to r) because 

d 1 (9 

which means that a factor of 2r had to be taken out of the flux JF*" in ()(i.l(i5|l 
in order to arrive at ()6.169|) . 

For these reasons, we choose to work on a grid that is uniform in r. Both 
regularized versions of the equations ()(i.l(j5| have been implemented, 

but at some stage we decided to focus on the first version, mainly for sim- 
plicity and because the ubiquitous factors of in the second version led to 
instabilities caused by the outer boundary conditions (chapter |HI). 

6.5.4 Hyperbolicity and the characteristic transforma- 
tion 

The question arises whether the regularization procedure outlined above af- 
fects the hyperbolicity of the system. This is not the case because we have 
merely performed a linear (position-dependent) transformation u = Tu of 
those variables that occur in the fluxes, namely 



CHAPTER 6. THE Z(2+l)+l SYSTEM 135 



n = r^^D + 


(6.171) 


S ^J-J ly D ly-rpiy^ | • • • ^ 


(6.172) 


= T (L;,; — Dzrr) ; 


(6.173) 


5/ = r-^E/ + . . . , 


(6.174) 




(6.175) 



where the elhpses denote terms that have zero fluxes (and so has Hrr in 
()6.175j) ). Hence the characteristic structure is unchanged. 

To compute the characteristic variables, one starts from the regularized 
variables u, computes the original conserved variables u and evaluates the 
characteristic variables given in section 16.41 While this transformation is 
perfectly regular, the inverse transformation contains factors of r~^, which 
might cause problems on the axis. 

The transformation from characteristic variables to regularized conserved 
variables in the z-direction (i.e., oc 6a^) turns out to be well-behaved 
at r = provided that the characteristic variables have the correct leading 
order in r as summarized in table 16. In turn, this small-r behaviour is 
manifest when expressing the characteristic variables in terms of the regular- 
ized conserved variables (using the conversions ()6.171flH.175j) . again leaving 
out the lower-order terms) . This is worked out explicitly in linearized theory 
in section l8!Tl 

However, the transformation from the characteristic variables in the r- 

direction (i.e., fiA Sa^) to regularized conserved variables is still singular on 
^The basis of left eigenvectors in section was chosen such that the regularity con- 
ditions on the characteristic variables have this simple form. For a different basis, they 
would involve linear combinations of characteristic variables. 
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lo,l, h,2- k),?,- U)A- /o,5- ^,6- ^0,7; 

7^ ;± ;± ;± 7± ;± 
'1,1' 'liS' '1,4' '1,5 ' '■1,6' 

'/ ' V_' 'd • 

Table 6.2: Small-r behaviour of the characteristic variables in the z-direction. Overlined 
variables are O(r^), underlined variables are 0(r) and the remaining variables are 0(1) 
on the axis. 

the axis, and no simple regularity conditions on the characteristic variables 
as the above can cure this problem. To understand this, one should observe 
that unlike the characteristic variables in the 2;-direction, the characteristic 
variables in the r-direction do not have a definite r-parity (even and odd 
terms in r are mixed). 

These results have two important numerical consequences. Firstly, nu- 
merical methods that operate in the space of characteristic variables (typi- 
cally ones based on the solution of the Riemann problem^ appear to be unus- 
able near the axis because they require a transformation between conserved 
and characteristic variables both in the r and the z direction. Secondly, sup- 
pose that the computational domain has outer boundaries at r = Tmax and 
z = Zjnax- To sct up boundary conditions, one typically only needs to trans- 
form between conserved and characteristic variables normal to the boundary. 
The r = r^ax boundary is unproblematic because all points on it are far away 
from the axis at r = 0. At the z — Zmax boundary, the characteristic trans- 
formation in the normal direction (i.e., the z direction) is well-behaved even 
near the pointed out above. Hence it should be possible to impose 



^although there exist problems where the exact Riemann problem solution makes no 
reference to the characteristic structure, e.g., Euler's equations) 
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outer boundary conditions that respect regularity on axis. We shall see this 
explicitly in chapter |H1 

6.6 Equation checks and code generation 

We derived the regularized conservation forms ()(i.l(i5j) and of the 

Z(2+l)+l equations using the computer algebra language REDUCE jSHj. 
As can be appreciated from appendix El the resulting equations are rather 
lengthy. It is indispensable to perform some sort of consistency checks to 
make sure that they are correct. Here, we verify that the equations are sat- 
isfied for a variety of exact solutions of the field equations. We also generate 
C code implementing the equations directly from within REDUCE using a 
source code optimization package. 

6.6.1 Checking the equations with exact solutions 

The equations were checked with the following exact solutions, also consid- 
ered in ^3] for a different formulation. For all the solutions, we first computed 
the (2+1) +1 variables as described in chapter IHl and then the regularized 
conserved variables f section l6.5.3|) . These were then inserted directly into 
the regularized conservation form of the equations f ()6.165p or alternatively 



iunD). 



• A cylindrically symmetric Kasner metric jSHl 



(6.176) 



This is a vacuum solution, it is static, and has zero twist 



• Another cylindrically symmetric Kasner metric |HH1 



ds^ = tl{dr^ + r^dip^) + t'ldz^ - dt^ . 



(6.177) 
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This is again matter- and twist-free, but not stationary. 
• The JEKK metric HH EI] 

which is a cyhndrically symmetric vacuum solution, with 7, u and u 
depending only on t and r. It has nonzero twist for 7^ (for a; = 0, 
it reduces to the Einstein- Rosen waves |14()j ). It is a solution of the 
Einstein equations if and only if 

Ktt-r~'i^,r-iy,rr = ^r" (o;/ - o;/) , (6.179) 

^,tt + r~'^UJ^r — ^,rr = ,rl^ ,r — ^ ,t , (6.180) 

7,r = r [v/ + v/) 

+ ir~V-(u;/ + u;/) , (6.181) 
7,4 = 2rz/_^z/,t + ir" VVrC^,t • (6.182) 



The Robert son- Walker metric ^ ^ 

ds^ = -dt^ + tl (dr2 + dz2 + r2d(^2) , (6.183) 
a non-rotating perfect fluid solution for the equation of state 

p = p = \k-H~^ (6.184) 

four-velocity 

M„ = -5j (6.185) 
and number density A^" = nu" with 

nocr^ (6.186) 
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• The Kramer metric [^21 

ds^ = q""'" {-de + dr^) + dz^ + r^d^^ , (6.187) 

a non-rotating static perfect fluid solution for 

p = p = K-^aV"', (6.188) 

= -eh'-'sj, (6.189) 

n = const. , (6.190) 

where a is a constant. 

• The Tabensky-Taub metric IllSlj 

ds^ = V{-de + dz^) + z{dr^ + rMif^) , (6.191) 
a non-rotating static perfect fluid solution for 

p = p = i/t-iflV-S (6.192) 

= -Vhj, (6.193) 

n = const. , (6.194) 

where 

1 _1^2,2 



V = z-^e~^^' (6.195) 



and a is a constant. 



The solution given in equation (6.1) (taking A = 1) of Davidson [43j, 
ds^ = -(1 +r2)dt2 + (1 + r2)idr2 + (1 + r2)-idz2 

+r\l - |r2 - lr^)dif^ - 2^r^(l + P)dtd^ , (6.196) 
a rotating perfect fluid solution for 

P=Ip = 4:K-\l + r^)-l , (6.197) 
= + (6.198) 
n = const. (6.199) 
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In addition, it was verified that the equations are satisfied by the solutions 
presented in chapter U\ in hnearized theory. 

6.6.2 Code generation 

Since the equations that we would like to implement are very long, it is highly 
desirable to produce code directly from the computer algebra programme 
used to derive the equations. This is provided for REDUCE by the Source 
Code Optimization PackagE SCOPE |138j . which in addition minimizes the 
number of algebraic operations in the output. We used SCOPE'S straightfor- 
ward OPTIMIZE command. A combination with the automatic code GENera- 
tor and TRANslator package GENTRAN [Hlj, also described in [HH], failed 
for very long expressions. 

To make sure that the implementation is correct, we chose random data 
for all the variables and verified that the fiuxes and sources computed with 
the C code agree with those computed within REDUCE. 



Chapter 7 

A test problem in linearized 
theory 

To check that the implementation of the Z(2+l)+l system is correct, it is 
highly desirable to have an exact solution which the numerical approximation 
can be compared with. In this thesis, we are mainly interested in asymptoti- 
cally fiat radiative vacuum spacetimes. Not many exact solutions of the fully 
nonlinear Einstein equations with those properties are known. The cylindri- 
cally symmetric Einstein- Rosen waves mentioned in section as a special 
case of the JEKK solution are not asymptotically flat. In fact, as shown by 
Bicak and Schmidt [21., the only isometry in addition to axisymmetry ad- 
mitting gravitational radiation and asymptotical flatness is boost symmetry. 
Examples of such boost-rotation-symmetric solutions can be found in |2^. 

Here, we take a different approach: we focus on axisymmetric gravita- 
tional wave solutions of the linearized field equations. We begin by writing 
out the linearized Z(2-|-l)-|-l equations in terms of the regularized variables 
f section l7.1|) . which also serves as another illustration of regularity on axis. 
Next we discuss the transverse-traceless gauge and its compatibility with the 
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dynamical gauge conditions used in the Z(2+l) + l system f section 17^ . The 
hnearized quadrupole solution of Teukolsky |lH2j is then presented and the 
corresponding Z(2+l)+l variables are computed (section l7.H|l . In addition, 
we derive an even-parity twisting octupole solution (section [73)). Some fea- 
tures of the numerical implementation are described and convergence of the 
numerical solution to the exact one is demonstrated, both for vanishing and 
dynamical shift vector (section [731) • 



7.1 The linearized Z(2+l)+l equations 

We express the linearized Z(2+l)+l equations in terms of the regularized 
variables (table 16. 1|) . All variables u are linearized about their flat-space 
values Mo, 

u = uq + e{u — uq) , e^l, (7.1) 

and we shall omit the hats in the following. For u G {Hrr, Hzz,<y} we have 
Mo = 1, for all remaining variables Uq = 0. As a shorthand, we set 

Xo = f{2xrr + Xzz-me + rY), (7.2) 

Xi = aAr — d{2Drrr + Drzz + r'^Sr) 

+2ll{Drrr + Drzz - D^rz + r'^Sr - Zr) , (7.3) 

X2 = aAz - d{2Dz„ + D^zz + rs^) 

+2fl{-rDrrz + ^D.rr + TS, - Z . (7.4) 

Written in conservation form with sources, the linearized evolution equations 
are given by 

dtH„ = 2{2rB/ + r-^P' -xrr), (7.5) 
dtHr, = 2iB/ + B/-Xrz), (7.6) 
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dtH,, = 2{2B-/-x.z), (7.7) 

dts = -2B/ -Y , (7.8) 

dta = -Xo, (7.9) 

dt(3'' = -Xi -2(2/i-d)s, (7.10) 

dtp' = -X2 + {3n-d)r-^Hr,, (7.11) 

= -9J-2rS/ + Xrr] + 25/ , (7.12) 

atD,,, = -dr[r-'{-B/-B/ + Xrz)]: (7.13) 

^tL*,,, = -9,[-2S/ + xJ, (7.14) 

dtD,,, = _a^[_2rS/ + x..]+2r-iS/, (7.15) 

dtD,r, = -a,[-S/-S/ + Xr..], (7.16) 

atL'z.. = -d,[-2B/ + Xzz], (7.17) 

= -dr[r-\2B/ + Y)], (7.18) 

= -a,[2B/ + r], (7.19) 

dtAr = -9^Xo, (7.20) 

dtA, = -d,Xo, (7.21) 

9(5/ = -dr[lr-^Xi] + {d-2i^)sr, (7.22) 

9(5/ = -dr[^X2] + {3^-d)Drr,, (7.23) 

9(5/ = -9,[|Xi] + (d-2/.)s,, (7.24) 

9(5/ = -9/1X2] + (3/i-d)r-i5>,,,, (7.25) 

-d^D^rr + r-^{-Drrr - 4:r^Sr - 6s) , (7.26) 

9tXr-z = -9r[|(^^ + 2D^rr-D^^^ + rs^-2Z2)] 

-9/|(A, + A... + r^s, - 2Z/] - 2s, , (7.27) 
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+r-\-Dr., + AD,rz), (7.28) 

dtY = -dr[r-\-Ar-Dr,, + 2D,rz + 2Zr)]~d,s,, (7.29) 

dtE"- = ~dr[~2Z^]-d,[-B'P] (7.30) 

dtE' = -drB"^ -d,[-2Z'P]-3r-^B'^ , (7.31) 

dtB"^ = -d,.E'-d,[-E'], (7.32) 

Of9 = 0^[D J.J.J. + Drzz -Ozrx 

+ r Sr — 

dz{ ^Drrz ~\~ 2D zrr ~l~ "^'^z z\ 

+r-\-Drrr " A^^^ + 3D,,^ - 4r25,, - 6s + Z,) , (7.33) 

a^Z, = -drixrr + Xzz + rY- 6] -d,[-Xrz]-Y, (7.34) 

a^Z, = -a,[-x..]-a,[2x„. + rr-e]+r-iXr., (7.35) 

dtZ'^ = -S^-i^T -a,[-iE^] + |r-iE^ (7.36) 



We have used the minimal gauge source function ()6.162p to cancel the 
singular term in ()7.10|) . Note that all the above equations are regular on axis 
provided that the appropriate boundary conditions (table IfTTjl are enforced. 
Another point to observe is that the evolution equations for the twist vari- 
ables ()7.30ffr7^ I7.36|) decouple completely from the remaining system, as 
already mentioned in section l6^ 

7.2 Transverse-traceless gauge 

All the linearized solutions presented in this chapter adopt the transverse- 
traceless (TT) gauge, which is described in the following, stressing its relation 
to other familar gauges. 
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As usual in linearized theory, we write the metric as 

gap = + Kp , (7.37) 

where rja/B is the Minkowski metric and hap is a small perturbation, hap is 
chosen to obey the Lorentz gauge condition 

h''^\p-ld"h = 0. (7.38) 

Here a vertical bar denotes a covariant derivative in fiat space (where we will 
be using polar coordinates), indices are raised with 77"^, and h = h^"'. We 
recognize in ()7.38j) the linearized version of the harmonic gauge condition 
()6.39|) . Hence it is not surprising that in this gauge the linearized vacuum 
Einstein equations become a fiat-space wave equation, 

/i«^l-,^ = 0. (7.39) 

The Lorentz gauge condition ()7.38|) is invariant under infinitesimal coordinate 
transformations 

^ + C (7.40) 

provided that 

CV = 0- (7.41) 

This remaining gauge freedom can be exploited to impose the additional 
conditions 

hoa = 0, (7.42) 

h = 0, (7.43) 

i.e., hai3 is transverse to the time direction and traceless. Equations ()7.42l - 
I7.43|) are actually only four conditions because once ()7.42|) is enforced, the 
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time component of ()7.38p implies that h is constant in time, and we can 
choose the initial conditions such that h = 0. 

The question arises whether TT gauge is compatible with the dynami- 
cal gauge conditions f section l6.2|) used in the Z(2-|-l)+l system. In ADM 
language, ()7.42p implies that to hnear order 

a = 1 , f3^ = 0, (7.44) 

which is also known as geodesic gauge. In terms of regularized Z(2+l)+l 
variables, the t, r and z components of ()7.38|) read 

- ldt{2Hrr + H,, + 2rs) = 2xrr + Xzz + rY = 0, (7.45) 
-Dr,, + 2D,rz-r^Sr-is = 0, (7.46) 
-2D^rr + D^^z - rs^ + 2rDrrz + 2r'^Hrz = . (7.47) 

Let us now compare these results with the linearized dynamical gauge condi- 
tions ()7.9H7.1l'j) . The evolution equation for a ()7.9|) is satisfied for any choice 
of the parameter /. The evolution equation for (3^ ()7.1H1 is consistent if and 
only if we choose fi = d = 1. This choice of parameters is also necessary for 
the evolution equation for (3'" ()7.10|) to be satisfied, but not sufficient: the 
right-hand-side of ()7.1()|) still fails to vanish by a term 2s. To cancel this 
term, we have to add a gauge source function 

= -2s (7.48) 

to the right- hand- side of ()7.10|1 (in addition to the minimal one, equation 
()6.162j) ). Note that this does not affect the principal parts of the system. 

We conclude that our dynamical gauge conditions are compatible with 
the TT gauge used for the exact solutions if either the shift vector vanishes, 
or it is dynamical with parameters fi = d = 1 (i.e., harmonic shift), in which 
case we need to include a gauge source function ()7.48j) . 
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7.3 Teukolsky's quadrupole solution 

General solutions of equations (jZ^HEHZiSni) and (j7.42fmH|l can be constructed 
as multipole expansions using tensor spherical harmonics [33] with "quantum 
numbers" L and M. Teukolsky |182j focuses on quadrupole radiation (L = 
2), which is likely to be the strongest mode from realistic sources (see, for 
example, |102j ). Axisymmetry implies that the azimuthal quantum number 
is M = in our case. 

7.3.1 The even-parity solution 

First we consider the solution that is symmetric under ^ — tt — or equiva- 
lently z —z. The line element can be written in spherical polar coordinates 
(t, R, 9, if) as 

ds^ = -de + + AfRR)<lR^ + {2BfRg)R<lR<ie 

+ (1 + C /« + A /(J) R' sm' 9 d(^^ . (7.49) 

The functions / only depend on the polar angle 9 and are given by 

fRR = 2-3sin2^, (7.50) 
fRO = — 3 sin 6* COS 6* , (7-51) 
f^l'> = Ssin^^, (7.52) 

fif = -1, (7.53) 
= -3sin2^, (7.54) 
45 = 3sin2^-l. (7.55) 
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The functions A, B and C only depend on t and R and can be expressed as 

/p(2) 3^(1) 

1 /F'"' 2F<3> 9F<2) 21fl") 21F\ , , 

where 

d" Ffr") 

F = F(tTi?), = — . (7.59) 

The mode function F can be freely specified. The upper sign in fl7.56ffr3^ 
corresponds to an outgoing solution, the lower sign to an ingoing one. Clearly, 
linear combinations of outgoing and ingoing solutions are also solutions. Us- 
ing a Taylor expansion of F about R = 0, one can show that the only linear 
combination that is regular at = is (up to an overall factor) 

Urog = Uout - Uin , (7.60) 

where Uout and Uin are out- and ingoing solutions with the same mode func- 
tion F. 

Given the line element, we can now compute the regularized Z(2+l)+l 
variables. To obtain the 2-metric Hab, the metric tensor has to be trans- 
formed to cylindrical polar components r, z given by 



r = Rsme, z = Rcose ^ R = Vr^ + , 6 = tan'^ - . (7.61) 



We find 



Err = I- A + 3sm'^ecos'^e{A-2B + C) , (7.62) 
Hrz = 3smecose[cos'^e{A- B) + sm'^e{B -C)], (7.63) 
H,, = l + 2A + 3sm^e{C - A) -3sm'^ecos'^e{A-2B + C){7M) 
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To compute the variable s, we use its definition 



s = r~Hn { ) , (7.65) 



first linearize the right-hand-side and then insert the results for Hj-r and 
= fl'w obtaining 

s = sin ^[sin^ e{A - C) + 2 cos^ e{B - C)] . (7.66) 

The spatial derivatives of the 2-metric and the extrinsic curvature variables 
can be computed from their definitions and using 

Xab = -\dtHAB, (7.67) 
Y = -dts. (7.68) 

As explained in section 17^ the gauge variables are 

a = 1 , /J'- = = , (7.69) 

and clearly 

e = Z'' = = Z'P = Q (7.70) 

for an exact solution. 

The important point to observe is that the twist variables vanish for the 
even-parity solution, 

E-" = = B"^ = (7.71) 

because there are no {R^p) and {O^p) components in the line element ()7.49|) . 

As with all the solutions presented in this chapter, it has been checked 
with REDUCE that the above solution obeys equations ()7.H8fm?n|l and 
()7.42ff?^^n|) as well as the linearized Z(2+l) + l equations (section [T]!)). 
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7.3.2 The odd-parity solution 

Next we consider the solution that is antisymmetric under 9 ^ tt — 9. Its 
hne element is 

ds^ = -dt^ + dR^ + R^d9^ + R'^ sin^ 9d(p^ 

+2Kdii^R sin 9dRdip + 2Lde^R^ sin 9d9dip. (7.72) 

The angular functions are 

dR^ = -4 cos 6^ sin 61 , (7.73) 
de^ = -sm'^9. (7.74) 

The functions K and L are given by 

3^(1) 

where 

G = G(iTi?), . (7.77) 

The mode function G can be freely specified. Again, the upper sign 
corresponds to an outgoing solution and the lower sign to an ingoing one, 
and superpositions of the two are also solutions. To obtain a regular solution 
at i? = 0, one has to form the combination 

Urcg = Uout - Uin , (7.78) 

where Uout and Uin are out- and ingoing solutions with the same mode func- 
tion G. 

In the odd-parity case, the twist variables do not vanish: 

E'' = i?-^sin^cos^at(L + 4/s:), (7.79) 
E' = R-^ [-dtL + cos^ 9dt(L + AK)] , (7.80) 
B'^ = -R-^ sin 6 {ROrL + AK). (7.81) 
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To obtain these, one first computes the twist vector ()3.6|) and then uses 
definitions (jn33E3HI)- We have checked that when expressed in cyhndrical 
polar coordinates {t,r,z,(p), the variables ()7.79fm?T|l are manifestly regular 
on the axis r = 0. 

The remaining Z(2+l) + l variables are found to be trivial: 

Hab = Sab, s = (7.82) 

and thus 

DcAB = SA = XAB = Y = 0. (7.83) 

Hence the odd-parity solution only involves the twist geometry, whereas 
the even-parity solution involves the remaining variables: the two polariza- 
tion states can be understood as a twisting state and a non-twisting one. 
This refiects a similar decoupling of the evolution equations, section 17.11 



7.4 An even-parity twisting octupole solution 

The twisting solution presented in section 17.3.21 is antisymmetric under re- 
fiection about the z = plane. However, we would like to impose refiection 
symmetry about z = so that we only need to evolve the upper half of 
the (r, 2;)-plane. It would thus be interesting to find an even-parity solution 
that is purely twisting. It turns out that the even polarization state of the 
octupole solution (L = 3) has that property. 

The line element can again be written in the form ()7.72|) . However, the 
angular functions are different: 

dR^ = sin^(4-5sin2^), (7.84) 
doy, = sin^6'cos6'. (7.85) 
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The radial functions are also modified: 



G'(^) 5G(3) 15G(2) 30G(i) SOG 



where as before 



G = GitTR), G^-^^^^ , (7.88) 

dx" x=t^:R 

and a regular solution can be obtained by forming 

Ureg = Uout " Uin , (7.89) 

where Uout and are out- and ingoing solutions with the same mode func- 
tion G. 

The twist variables are found to be 

= R-^ sine {008"^ e dt{L + AK) -sin^e dtK) , (7.90) 
E' = R-^ cos e {4 cos^ e dtK -sin^edtiL + K), (7.91) 
B'P = R-^ sine cos e{R OrL + lOK) . (7.92) 

Noting the transformation ()7.6H) . these have both the desired r and z pari- 
ties (tables IFTTI and 17. II in the following section). The remaining Z(2+l)+l 
variables are trivial, as in section 17.3.21 

It is worth explaining how we derived this solution. Instead of using 
tensor spherical harmonics as in |132j . it is easier to work directly with the 
twist subsystem of the linearized Z(2+l)+l equations. One can begin by 
postulating the desired angular behaviour, i.e., 

E^ocsin^, E'occose, S"^ oc sin ^ cos . (7.93) 

For the spherical polar components, this means 

oc (4 - 5 sin^ ^) , ^Vsin^cos^, E'^ oc sin cos ^ . (7.94) 



CHAPTER 7. A TEST PROBLEM IN LINEARIZED THEORY 153 
One now makes an ansatz of a form similar to the previously found solutions, 

N 

= {4-5sm^e)R~PY,^nR"G'^"\t±R), (7.95) 

n=0 

N 

E^ = smecoseR-^P+^^J2^nR"G'^"\t±R), (7.96) 

n=0 

N 

B'^ = sine cos eR~Pj2^nR''G^''\t±R) (7-97) 

n=0 

and inserts it into the spherical polar version of equations ()7.30ri73^ I7.36|) 
(with = 0), 

= E^ ^t + R'^B'^^e + SR-^ cot e B'^ , (7.98) 

= E\t- R'^B'P^R-m-'^B'P , (7.99) 

= E\t- R'^B'P^R-m-'^B'P , (7.100) 

= E^^R + R~^E^ + E\e + 'i{R-^E^ + cote E^) . (7.101) 

After some experimentation one finds that p = 6 and = 4 are required 
and that the only nontrivial solution for the constants a^,b^, is (up to an 
overall factor) 

a± = (15,^15,6,^1,0), (7.102) 
= (30,^30,15,^5,1), (7.103) 
c± = (0,-15,±15,-6,±l) . (7.104) 

Transforming back to cylindrical polar coordinates, one arrives at ()7. 90^71?^ . 

7.5 Numerical evolutions 

We are now ready to perform numerical evolutions and compare them with 
the exact solutions. 
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The initial data is taken to be that of the exact solutions at t = 0. The 
even-parity non-twisting quadrupole solution (section I7.H.1|1 and the even- 
parity twisting octupole solution (section l7.4j) are considered separately. The 
mode functions are taken to be 

F{x) = Foxe"^' , G{x) = Goxe"^' , (7.105) 

and in both cases we form a regular combination of outgoing and ingoing 
solutions as described in the preceding sections. Although the exact solutions 
are only valid in linearized theory, we evolve them using the fully nonlinear 
Z(2+l)+l system. This is consistent if the amplitudes Fq, Gq <^ 1 in ()7.1()5j) . 
The amphtudes we choose are Fq = Gq = 10~^. 

The gauge parameters are taken to be those of harmonic gauge, f = d = 
fi = a = 1, m = 2. Both vanishing and dynamical shift are considered. 

We impose the appropriate Dirichlet or Neumann conditions on the axis 
r = ftable lUTTj) . Because the exact solutions we consider are reflection- 
symmetric about z = 0, we only evolve the upper half of the (r, 2;)-plane and 
impose either a Dirichlet or a Neumann condition at ^ = 0, depending on 
the 2;-parity of the variables (table [7^. The outer boundaries are placed 
at Tmax = -Zmax = 5. In this chapter, we impose the exact solution at the 
outer boundaries (chapter |H1 is devoted entirely to general outer boundary 
conditions) . 

7.5.1 Numerical method 

The equations are discretized using second-order accurate finite differencing 
on a single cell-centred grid that is uniform in r and z (section 14.111 . The 
conservative form of the equations is retained on the discrete level, i.e., 

dtu = -drr'iu) - d,J^'{u) + 5(u) (7.106) 
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Hrri Hj-z i Hzzj S, Oi, /3 , /3 , 
7~) fS 7~) 7~) 7~) 7~) 3c44R'"R^R''R^ 

ly^^z ; i^rzzi ^ zrr i ^ zrzi ^ zzz i ^ri ^_z_y ; -'-'r ; -^r ; -^2 ; -'-'2 ; 

Arr; Arz ; Az-Z? -' ) -'^ ) ' ) -^rj -^z ; ^ ) 

t/''', t/r, »/ z ; P_ff ) ''^5 'S'j., Sz ; Sj-r, >SVz_5 'S'xj . 

Table 7.1: z-parity of the regularized Z(2+l)+l variables if reflection symmetry is 
assumed. Underlined variables are odd functions of z, the remaining ones are even. 

is discretized as 

dtUij = [j'''(u)i+ij - J'''(u)i_ij + J'''(u)ij+i - J''^(u)jj_i] 

+5(u)i,- . (7.107) 

The numerical solution is advanced in time using the method of lines with 
the third-order Runge-Kutta scheme ()4.38b ). The Courant number is taken 
to be At/h = 0.8. Fourth-order Kreiss-Oliger dissipation ()4.64|) with ampli- 
tude €£) = 0.5 is added at all interior points. The boundary conditions are 
implemented using the method of ghost cells (section l4.1.H|l . The ghosts at 
the outer boundaries are filled with the exact solution. 



7.5.2 Snapshots of the evolution 

As an example, figure I7!T] shows the variable s of the even-parity quadrupole 
solution fsection [7.3.1|) with vanishing shift at a number of consecutive times. 
The numerical approximation and the exact solution are overlaid. The resolu- 
tion is very coarse (32 points) - for higher resolutions, the difference between 
the exact solution and the numerical approximation is hardly visible. Note 
that the numerical evolution is perfectly regular on the axis. 
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Figure 7.1: Evolution of the variable s for the even-parity quadrupole solution with 
vanishing shift. The numerical approximation and the exact solution are overlaid. 
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7.5.3 Convergence tests 

An important touchstone for a numerical code is a convergence test. Because 
our implementation uses second-order accurate finite-differencing and at least 
a second-order accurate time integrator, the numerical error with respect to 
the exact solution should behave like ~ h"^, where h is the grid spacing. 
That is, if we double the number of points per spatial dimension, the error 
should decrease by a factor of 4. The following plots show for three different 
resolutions (32, 64 and 128 points) the total (discrete) L^ norm of the error 
e = u — Uexact as a function of time. 



where the index n labels the component of the solution (all the Z(2+l) + l 
variables are included), and the indices i,j refer to the grid point. Alterna- 
tively, we have tried the supremum norm 



which leads to the same qualitative results. 

Consider first the even-parity non-twisting quadrupole solution (section 
17.3.11) . This was evolved both with vanishing shift (figure I7.2|l and with 
dynamical shift (figure I77i|l . Both evolutions show approximate (not perfect) 
second-order convergence. The average convergence factor of the vanishing 
shift evolution is shown in figure 17.31 In order to study the influence of the 
boundary location, we have performed the same run with twice the domain 
size. Discrepancies between the convergence factors can be observed from t ~ 
4 onwards, when the wave is about to arrive at the boundary of the smaller 
domain. However, this does not lead to a significant loss of convergence at 
later times. 




(7.108) 



esup(t) = max|e"(t)| , 



(7.109) 
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Figure 7.2; Convergence test for the even-parity quadrupole solution using vanishing 
shift. norm of the error as a function of time for 32 (dotted), 64 (dashed) and 128 (sohd) 
points per dimension. The total error of all the Z(2+l)+l variables and the components 
of the Z vector are shown separately. 

Note that in the vanishing shift case, the error decays with time and all 
the variables assume (very nearly) their flat-space values after the wave has 
left the computational domain. In contrast, the dynamical shift evolution 
suffers from a growth of the error, which also affects the constraints. We 
have verified that the growth rates are virtually independent of the boundary 
location (the results for twice the domain size are visually indistinguishable 
from the plots in figure 17^ . It would be interesting to investigate the origin 
of this growth in future work. 
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Figure 7.3: Average convergence factor of the Z(2+l)+l variables as a function of time 
for the even-parity quadrupole solution using vanishing shift. Solid line: rmax — ^^max — 5 
as in figure [7^ dashed line: Tmax = ^max — 10. 

Figure 17.51 shows a similar convergence test for the even-parity twist- 
ing octupole solution (section I7.4|) . Here it does not matter whether we 
use vanishing or dynamical shift because the right-hand-side of the evolu- 
tion equations for the shift ()7.1()ffrTT|l is zero anyway. We see approximate 
second-order convergence up to t ~ 3. After this, the constraint Z'^ begins 
to grow. In this particular case, the onset and growth rate of the instability 
depend on the location of the outer boundary, as demonstrated by figure 171)1 



7.5.4 Conclusions 

To summarize, we have demonstrated second-order convergence of the code 
(at least at early times) for two different exact solutions of linearized the- 
ory and two different shift conditions, which strongly indicates that the im- 
plementation is correct. An unexpected growth of the error occurs in the 
dynamical shift case. 
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Figure 7.4: Convergence test for the even-parity quadrupole solution using dynamical 
shift. L'^ norm of the error as a function of time for 32 (dotted), 64 (dashed) and 128 (solid) 
points per dimension. The total error of all the Z(2+l)-|-l variables and the components 
of the Z vector are shown separately. 
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Figure 7.5: Convergence test for the even-parity octupole solution. norm of the error 
as a function of time for 32 (dotted), 64 (dashed) and 128 (sohd) points per dimension. 
Total error of all the Z(2+l) + l variables and the constraint Z'-f. 




Figure 7.6: Dependence of the constraint growth on the boundary location for the 
even-parity octupole solution. Shown is the variable Z'^ as a function of time. Solid line: 
''max = ^max = 5 as in figure ITTsl dashed line: rmax = ^max = 10. The resolution is taken 
to be 64 points per dimension. 



Chapter 8 



Outer boundary conditions 

Having derived the appropriate boundary conditions on the axis r = (table 
16. ip and at 2; = if reflection symmetry is assumed (table [7^, we now turn 
to the question of how to impose boundary conditions at the outer boundaries 
of the computational domain. 

Outer boundary conditions are currently a very active field of research in 
numerical relativity, particularly since hyperbolic formulations of the Einstein 
equations were introduced. In such formulations, one knows the characteris- 
tic variables and their propagation speeds with respect to the boundary, and 
one can use this information to construct boundary conditions. 

Throughout this thesis we assume that spacetime is asymptotically fiat, 
by which we mean in a broad sense that the metric approaches the Minkowski 
metric towards spacelike infinity (no precise definition of asymptotic flatness 
is required for our purposes). By placing the outer boundary sufficiently far 
out, we may assume that linearized theory is valid near the boundary. Hence 
all the calculations in this chapter are performed in linearized theory. 

We begin by writing down the characteristic variables in terms of the reg- 
ularized Z(2+l)+l variables f section 18.11) . which we shall need throughout 
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the following. As a first class of boundary conditions, we discuss dissipative 
boundary conditions (section l8.2j) . for which well-posedness theorems of the 
initial boundary value problem are known. In an alternative approach to the 
problem, we begin with certain physical considerations, which are then trans- 
lated into a prescription for the characteristic variables. These considerations 
fall into three different groups: outgoing radiation boundary conditions based 
on the Newman- Penrose scalars fsection f8.3|) . constraint-preserving boundary 
conditions based on the so-called subsidiary system fsection lOj) . and gauge 
boundary conditions (section l8.5j) . Stability of the thus derived boundary 
conditions is analysed using the Fourier-Laplace transform technique (sec- 
tion |Hin)). We perform numerical evolutions of the exact linearized solutions 
of chapter to compare the various boundary conditions with regard to 
their stability and efficiency in avoiding spurious reflections from the outer 
boundaries fsection lHTj) . 

8.1 Linearized characteristic variables 

The linearized Z(2-|-l)-|-l equations have already been expressed in terms 
of regularized variables in section 17.11 Here we derive the characteristic 
variables of that system. One starts from the results in section and makes 
the replacements ()6.17lti6.175j) . Note that the terms with zero fluxes (the 
elhpses in (l6.17lriH'.175|l ) are not to be included because they do not enter the 
principal parts of the regularized evolution equations. Finally we linearize 
the characteristic variables about flat space. We have checked explicitly with 
REDUCE that the results below are indeed the characteristic variables of 
the system stated in section mi 
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For the characteristic variables in the r-direction we find in the dynamical 
shift case 

^0,1 — Dzrr, (8.1) 

^0,2 = Dzrz , (8.2) 

^0,3 — Dzzz ■, (8-3) 

loA = rsz + Dzrr - Dzzz , (8.4) 

^0,5 = Az, (8.5) 

/o,6 = 5/, (8.6) 

h,7 = Bz^ , (8.7) 

= rY + Xrr-Xzz + '^Bz'±{r''Sr + Drrr-Drzz), (8.8) 

Z^;2 = E'±B'^, (8.9) 

Zjg = ^ - 25/ ± (D^^^ + r^s^ + D^^^ - L>^^^ - Z^) , (8.10) 

= ry + Xrr + Xzz - ^ ± (^2r. + ^r) , (8.11) 

Z^;5 - Xrz±'^{Az + 2Dzrr-Dzzz+rSz-2Zz), (8.12) 

Z±g = E''^2Z'^, (8.13) 

— f(^l{D^zz ~\~ 1^ ~\~ -Df-j-j. Dzrz ■^r) 

±\/7(2Xrr + X.. + - (/ci + 2)9 + 2ciB/) , (8.14) 
= a^l^ + 2iJi{rSz + 2i:)2rr - r^^^^ - Zz) 

-d{2Dzrr + + rsz)± 2^{B/ + S/) , (8. 15) 
= (/C2 + 1) (2x.. + Xzz + rY) + (/C2C3 + 2c4) (2S/ - e) 

-/mc2^ - 2(rS/ + S/) 

± V^pD^^^ + Drzz + r^S,. + C2 A.) (8. 16) 
-(/C2C3 + 2c4)(r^Sr + -Dr-rr + -D^^^ - Dzrz - Zr)] ■ 
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In the vanishing shift case, /o,6 and Iqj are replaced with 

-f(2D„r + Dr., + r''~Sr) + ^ , (8. 17) 
^0,7 = fm{2D^rr + rs^ - rbrrz - Z^) 

-fi2D,rr + D,,, + rs,)+A,. (8.18) 

The characteristic variables in the ^-direction for dynamical shift are 
found to be 

/o,i = Dr,,, (8.19) 

k,2 = rDrrz, (8.20) 

^0,3 Drrr , (8-21) 

/o,4 = r^Sr, (8.22) 

lo,5 = Ar, (8.23) 

/o,6 = Br\ (8.24) 

k,7 = r^/, (8.25) 

= r(y + 2S/±s,), (8.26) 

Z±2 = E^TB^, (8.27) 

Z±3 = ^ - 2rB/ ± (2L>;,r^ + rs^ - rDrrz - Z^) , (8.28) 

^4 = ry + 2xrr - ^ ± (rr>rrz + ^^) , (8.29) 

Z±5 = Xr.±i(A + ^r.. + r2s,-2Z,), (8.30) 

Z±g = £;^if2Z'^, (8.31) 

= Az — f Ci{2D zrr + ''"Sz ~ fDrrz ~ Z^) 

±Vf{Xzz + 2xrr + rY- {fci + 2)9 + 2c^rB/) , (8.32) 

-d{Dr,, + 2D,,, + r^S,) ± 2^{B/ + 5/) , (8.33) 
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= {fc2 + l){x.z + '2Xrr + rY) + {fc2Cs + 2c^){2rB/-e) 
-fmc^e - 2{B/ + rB/) 

±Vd(D,,, + 2D,rr + rs, + C2A,) (8.34) 

-(/C2C3 + 2c4){rSz + 2D^rr - rbrrz " Z z) . 

In the vanishing shift case, /o,6 and Iqj are replaced with 

^0,6 = fm{2D^rr + - rbrrz - Zz) 

-f{2D,rr + D,,, + rSz) + A,, (8.35) 

^0,7 — f'>TT'{Drzz + T^^Sr + D^rr ~ D^rz ~ Zr) 

-f{2Drrr + Drzz + r^Sr) + A ■ (8.36) 

For the numerical implementation of the characteristic transformation in the 
z-direction, we replace /o,2, ^0,4, the dynamical-shift version of Iqj, and if-^ 
with 

/o,2 = r"^/o,2 = brrz , (8.37) 

lo,4 = r~'^lo,4 = Sr , (8.38) 
kj = T-\,^Br\ (8.39) 
= = Y + 23/ ± (8.40) 

because then the inverse transformation from 2;-characteristic to regularized 
conserved variables does not involve any negative powers of r. 



8.2 Dissipative boundary conditions 

Let v~ be the vector of ingoing characteristic variables in the direction nor- 
mal to the boundary under consideration and v"*" the vector of the remaining 
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(outgoing and zero-speed) characteristic variables. In this section, we con- 
sider (homogeneous) dissipative boundary conditions of the form 

V- = Mv+ , (8.41) 

where M is a constant real matrix and here and in the following = denotes 
equality on the boundary. 

Under certain additional assumptions, there exist theorems that guaran- 
tee the well-posedness of the initial boundary value problem (IBVP) for such 
boundary conditions, which we shall outline in the following. 

8.2.1 Well-posedness of the IBVP 

We focus on a single boundary here and so we take the spatial domain C 
to be a bounded open set lying on one side of its boundary T. Suppose we 
have a linear symmetric hyperbolic system 

dtu + A^Bau + Bu = 0, (8.42) 

in [0, oo) X Q, i.e., the matrices A"^ can be assumed to be symmetric (af- 
ter a suitable symmetrization). The boundary conditions are taken to be 
of the form ()8.4H1 on [0, oo) x F. Assume first that the boundary is non- 
characteristic, i.e. that A^ = A"^jiA is invertible on the entire boundary F, 
where is the boundary normal. One can prove [73] that the above initial 
boundary-value problem is strongly well-posed in the following sense: for ev- 
ery initial data f G C°°(a;^), u(0,a;^) = /(x"^), there exists a unique solution 
u(t,x^) G C°^(t,x^) such that 

||u(t,.)|Ki^e"*||f(.)||, (8.43) 

where the constants K and a are independent of /, and we are using 
norms (this is the same type of estimate as in section E^)- 
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This result has been generahzed by Majda and Osher |lUlj to the case of 
a uniformly characteristic boundary, which means that A-^ has constant (not 
necessarily maximal) rank across the whole boundary F. This wider class 
includes many important examples in physics such as Maxwell's equations 
and the linearized Einstein equations. Finally, Ranch |115, and Secchi |124j 
generalized the well-posedness theorem to quasilinear systems (such as the 
fully nonlinear Z(2+l) + l system). In this case, however, the estimate ()8.43|) 
only holds for a finite time in general and the solution cannot be taken to be 
C°° (instead, it lies in an appropriate Sobolev space, see |124j for details). 

Since the above theorems all require a symmetric hyperbolic system, they 
are only applicable to the zero-shift version of the Z(2+l)+l equations with 
parameters (/ = l,m = 2). In practice, however, dissipative boundary 
conditions work well for most strongly hyperbolic systems, too. We would 
like to stress that in the dynamical shift case, the boundary is uniformly 
characteristic only in linearized theory because otherwise the speed of the 
normal modes depends on the shift vector, which may change sign along the 
boundary. 

8.2.2 Absorbing boundary conditions 

The simplest example of dissipative boundary conditions are absorbing bound- 
ary conditions 

v- = 0, (8.44) 

i.e., the incoming modes are set to zero at the outer boundaries. These 
boundary conditions have proven to be very stable in numerical experiments 
f section l8.7|) . 

One might ask to what extent absorbing boundary conditions are satisfied 
by the exact linearized solutions of chapter [3 Even if they are not satisfied 
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identically, one can still evaluate the residuals of the boundary conditions 
(i.e., the incoming modes) and expand them into a series in inverse powers 
of r (for the outer boundary at r = rmax) or z (for the outer boundary at 
z = 2;max)- One finds that the incoming modes vanish to leading order except 
for /f3,/f4,/j^5 and if^. 

Can we construct "better" boundary conditions of dissipative type? 

8.2.3 Zero-Z boundary conditions 

A different boundary condition one might impose is the vanishing of the 
algebraic constraints 

e = Zr = Zz = Z"^ = , (8.45) 

which is clearly satisfied by a solution of Einstein's equations. Using the 
expressions for the characteristic variables (section fH.lj) . we can rewrite ()8.45|1 
in dissipative form: 

= -^^3-4^, (8.46) 
= ^M-2V, (8-47) 

^1,5 — ^1,5 ~ ^0,1 ~ ^0,4 — ^0,5 ! (8.48) 

= ^tfi (8-49) 

(the equations are the same in the r- and in the 2;-direction) . Supplemented 
with absorbing boundary conditions for the remaining incoming modes, we 
obtain a set of boundary conditions that are all satisfied by the exact solu- 
tions at least to leading order in the respective inverse coordinate. In this 
sense, they would appear to be superior to pure absorbing boundary condi- 
tions. However, we shall see in section 18.41 that the Z vector obeys a wave 
equation ()8.99|) . The boundary conditions (jH3EHH3SI) are Dirichlet bound- 
ary conditions and hence any violations of the Za = constraints hitting 
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the outer boundaries will be reflected. This is confirmed by our numerical 
experiments in section IRiTI 

8.3 Outgoing-radiation boundary conditions 

We now start to look for a different set of boundary conditions based on more 
physical considerations. A reasonable requirement for an isolated system is 
that no gravitational radiation should enter the computational domain from 
the outside. If we were dealing with a scalar wave equation 



the appropriate outgoing-radiation boundary condition would be a Sommer- 
feld condition 



all the variables evolved with the hyperbolic-elliptic system (section 15. 7|) . 
However, the gravitational field has only two degrees of freedom (the two 
polarization states, cf. chapter [Tj) and hence we are only allowed to impose 
two conditions. 

8.3.1 Newman- Penrose scalars and the peeling theo- 
rem 

More insight can be obtained by looking at the asymptotic behaviour of the 
Weyl tensor 



au = Q, 



(8.50) 




^{dt + dR){Ru) = 0, (8.51) 



where R = + z^. This is the condition we imposed componentwise on 





dasR^P — g^yRsa) 



+\R{.ga-ig&i3 — gasg^yfB) ■ 



(8.52) 
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The Weyl tensor is the tracefree part of the Riemann tensor, i.e., the part 
that is not determined by the matter sources via Einstein's equations. It thus 
contains the gravitational- wave information, and it reduces to the Riemann 
tensor in vacuum. 

In the Newman-Penrose (NP) formalism |1U8U128] . one forms a complex 
null tetrad (/, k, m, rh) consisting of two real null vectors / and k, a complex 
null vector m and its complex conjugate m satisfying 

I ■ k = —1 , m ■ m = 1 . (8.53) 

Here we adapt the null tetrad to the boundary under consideration in the 

following way: first we choose an orthonormal basis {60,61,62,63} with the 
properties 

60 oc n (future-directed timelike normal) , (8.54) 

ei (X ^ (spacelike outward-pointing normal to the boundary) ,(8.55) 

62 oc 7r (tangent to the boundary, /i^TT"^ = 0) , (8.56) 

63 oc ^ (Killing vector) . (8.57) 

Then we define the NP tetrad by 

/ = ^^5(60 + 61), (8.58) 

k = ^(60-61), (8.59) 

m = -^5(62-^63), (8.60) 

which satisfies the relations 



One now forms the five independent complex projections of the Weyl 
tensor with respect to the NP tetrad, 

^0 = Caf3-y5l"m^Pm\ (8.61) 
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^1 = C^p^sl^k^Prn^ (8.62) 

^2 = Caf3^sl'"m'^rh"'k\ (8.63) 

^3 = C„^^5^A;'^m^fc^ (8.64) 

^4 = Cafs^sk^'rh^k^m^ . (8.65) 

The peeling theorem implies that 

i = 0,1, 2, 3, 4 (8.66) 

as future null infinity is approached along the outgoing null geodesies with 
tangent / and affine parameter x. For the r = r^ax {z = Zmax) boundary, x 



may be taken to be the coordinate r (z). Strictly speaking, ()8.66|) is only 
valid for solutions of the Einstein equations that are algebraically general. 
We have checked that all the linearized solutions in chapter |71have the peeling 
behaviour ()8.66|) . as expected for generic gravitational radiation. 

One can use the peeling theorem to derive an outgoing radiation condition 
at the outer boundaries: because x is large there, \E'o ~ is suppressed as 
compared with the other Weyl scalars and so it is reasonable to impose 

^0 = (8.67) 

at the outer boundaries. This condition was used by Friedrich and Nagy 
j2Hl in their well-posed initial boundary value formulation of the Einstein 
equations, and similar conditions have recently been applied to numerical 
relativity (e.g., 1121j ). Because \E'o is complex, ()8.67|) constitute two real 
conditions, as desired. They correspond to the two gravitational degrees of 
freedom, as we will see explicitly in the following. 
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We begin by setting up the orthormal basis ()8 .54^1^3711 . For this we need 
the full four metric g^p and its inverse g'^^. In linearized theory, we may set 



a = 1 + Sa , 

Hab = Sab + SHab 
X = r{l + 5X), 



(8.68) 
(8.69) 
(8.70) 



where 6a, SHab and 6\ as well as the shift vector and the components 
C,t, C,A of the Killing vector are small quantities. In (t, r, z, ip) coordinates, the 
linearized 4-metric then takes the form 



9al3 



\ 

and its inverse is 



9 



a(3 



-1 - 26a 


(3' 


(3^ 


6 




1 + 5Hrr 








5Hrz 


1 + SH,, 










r\l + 26X) 


l + 2Sa 






r-% 


13"- 


1 — 5H.fr 


— SHrz 


-r-%. 




—SHrz 


1 - SH,, 


-r-% 




-r-%. 


-r-% 


r-2(i_25A) 



(8.7r 



(8.72) 



Note that ^t, and are not in the Geroch space N (section l3?T| . 
The Killing vector is = and so we have 

e3" = (0,0,0,r-i(l-5A)), 



(8.73) 



normalized such that 63^63 q, = 1. Lowering indices with gap, the covariant 
version becomes to linear order 



{r-'it,r-^ir^r-'izA^ + 5\)). 



^.74) 
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The timelike normal n satisfies = —a6j and na^°' = 0, which yields 

eo„ = (-1 -(5a, 0,0,0), (8.75) 

and raising indices with g"^, 

eo'' = {-l + 6a,f3\(3\r-%). (8.76) 

Consider first the r = Tmax boundary. Its spacelike normal satisfies fiA oc Sa'', 
liafi"" = and /Xa^" = 0, which implies 

el, = (/?^l + |5i^„,0,0) (8.77) 

and so 

ei" = (0, 1 - ^SHrr, -SHrz, -r'^^^) . (8.78) 

The tangent to the boundary, tt"^ satisfies h^^a = 0, vr^na = and vt^^q, = 0, 
which together with the normalization fixes 

62^' = {0,0,1 -^6H,,,-r-%) (8.79) 

and thus finally 

e2„ = (/3^5i^,„l + i5/^,„0). (8.80) 
For the z = ^^nax boundary we have instead 

ei, = (/?^0,l + i(5i^,„0), (8.81) 

ei" = {0,-6Hr,,l-'^H,,,-r-^Q (8.82) 

and 

62" = {0,l-l6Hrr,0,-r~^^r), (8.83) 

e2a = {(^\l + \5Hrr,5Hr„0). (8.84) 

From the orthonormal basis, we finally form the NP tetrad as defined by 
equations 
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8.3.3 Computation of ^'o 

Having constructed the NP tetrad in covariant and contravariant form, we 
can compute the Weyl scalars ()8.61flH^B3|) using, for example, the algorithm 
of Campbell and Wainwright j39j.^ 

The resulting expressions contain various (up to second-order) time and 
spatial derivatives of SHab, (^A, 6a, [3^ and ^t, ^a, which we need to translate 
into (2+l)+l language. In particular, one might worry about the components 
of the Killing vector ^ because they are not in M . Fortunately, they only 
appear in the following combinations: 

2r-\i^rA + 'r-'it) = E\ (8.85) 
2r-2e[,,t] = E\ (8.86) 
2r-^(eM+^"'e.) = 5^ (8.87) 

so that we recover the twist variables, which are in M (we have used defini- 
tions (jH.fjj) and ()H.47fnOHjl ). This was to be expected, of course, because \E'o 
is a spacetime scalar and as such is in M . The remaining time derivatives in 
the expressions for the NP scalars are eliminated using the linearized evolu- 
tion equations (section ETj). The spatial derivatives of 6HAB,6\,Sa and 
are substituted using the definitions of the first-order variables ()fi.51fl?)31|) .^ 
Everything is expressed in terms of regularized variables; e.g., one should 
note that 

SX = rs + \5Hrr (8.88) 

in linearized theory. 

-'^A REDUCE version of this algorithm was written by John Stewart. 

^The ordering of the second spatial derivatives must be chosen carefully so that the 

results below obtain. 
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For the r = Tmax boundary, we find 

Re^'o = l{-dr[rY + Xrr - Xzz - r^Sr - Drrr + Drzz] 

l-Xrz + 2r - D,rr] (8.89) 
+r'^Drrr + '^r'^Dzrz - 2Y + ArSr + Qr'^s} , 
Im^o = l{2dr[E' -B'^j-d.E'' -6r~^B'^ + 3r"^E'}. (8.90) 

Thus the imaginary part of \I/o involves only the twist variables and the 
real part only the remaining variables. Recall from chapter [7| that these two 
subsystems correspond to the two polarization states of the gravitational field 
so that we obtain one separate boundary condition for each polarization, as 
desired. Note also that ()8.89flH^^n|) are manifestly gauge-independent (they 
do not contain the lapse, shift or derivatives thereof). 

Next observe that the r-fiuxes in ()8.89riFniIH) are proportional to the in- 
coming modes ^ ()8.8|) and 2 f)8.9|) ! Hence we can express the boundary 
conditions = as conditions on the normal derivatives of two of the 
incoming modes: 

drli^l = d,[-Xrz + 2rDrrz- D,rr + 2B/] 

+r-^Drrr + 2r'^D,rz -Y + 4:rsr + Qr-^s , (8.91) 
a,/-2 = Id.E'' + ?,r-^B^ -Ir-^E^ . (8.92) 
Similarly, we find for the z = z^s.x boundary 

Re^o = H-^My - Sz)] + dr[r-\~Xrz - Dr., + 2D,rz)]} , (8.93) 
Im^o = l{2d,[E'~ + B^] - drE'} . (8.94) 

We identify l^^^ (jK^ and 1^2 in the 2;-fiuxes so that = can be 
written as 

= dr[r-\-Xrz-Dr., + 2D,rz + 2B/)], (8.95) 

dJ-2 = \drE\ (8.96) 
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where l^-^ was defined in ()8.40|) . and here we see very clearly the reason for 
that definition: written in the form ()8.95j) . the boundary condition is regular 
at r = because of table 16. 11 

We have checked that the residuals of the boundary conditions ()8.91l - 
I8.92|) are indeed of the order when evaluated for the exact linearized 
solutions of chapter [3 However, this fall-off is not uniform in z: the leading- 
order coefficient of the expansion of the residual in inverse powers of r has 
a z-dependence of ~ z'^ or lower, depending on which solution we choose. A 
similar statement with r and z interchanged holds for equations ()8.95riFn??)|) . 
This means that if the size of the grid is doubled both in the r and in the z 
direction, the supremum of the residual evaluated along the entire boundary 
will not decrease by a factor of 2^ = 32 but only 2 (in the worst case). 

In order to improve on this, one could consider an NP tetrad that points in 
the i?-direction, where R = \/r^ + z^, for this coordinate is large everywhere 
on the outer boundary. The residual then falls off like R^^. However, in this 
case we cannot translate the boundary conditions into a prescription for the 
normal derivatives of the incoming modes as done above. 

8.4 Constraint-preserving boundary conditions 

Further boundary conditions can be obtained by requiring that no violations 
of the constraints enter the computational domain from the outside. The 
basic strategy for deriving such constraint-preserving boundary conditions 
was first developed by Stewart |129j . and there has been much recent work 
on this subject (e.g., |SZ1 ESI ES] ) • 

In the Z4 formalism, the standard Einstein or ADM constraints are re- 
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placed with the algebraic constraints 

Z„ = . (8.97) 

If those hold at all times, the Einstein constraints are automatically satisfied 
by virtue of the evolution equations for the Z vector ()(j.Hlfl?n?H|l . In order 
to set up constraint-preserving boundary conditions, we need to understand 
how the constraints propagate. By applying the contracted Bianchi identities 

V^G"^ = (8.98) 

to the Z4-Einstein equations ()6.1|) . we obtain a homogeneous wave equation 
for the Z vector: 

VpV^Z^ + R^pZ^ = . (8.99) 

This equation forms the constraint propagation or subsidiary system. 

The (2+l)+l reduction of ()8.99|) can be obtained by simply taking a 
second time derivative of the evolution equations for the Z vector (jfj.Hll - 
iniSS))- As we would like to write the resulting system in first-order form, we 
have to introduce new variables for the first-order space and time derivatives 
of the Z vector, 

9A = dAe, ZBA = dBZA, ZA^ = dAZ'^, (8.100) 

e^ = ^te, z^a = AZa. Zo^ = ^iZ^ (8.101) 



where 



^^^a-\dt-ii''dA) 



(8.102) 
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T^ABCD 


= '2d[ADB]CD 


C-AB 


= '^^iaLb] , 


Aab 


= 2diAAB], 


Bab^ 


= 2dlABBf, 



We also need the ordering constraints 

(8.103) 
(8.104) 
(8.105) 
(8.106) 

which vanish because of the definitions of the first-order variables ()(i.5lriH3^ . 
The subsidiary system now takes the form 

m-dB9'' - -29bSV, (8.107) 
dtZoA-dBZ\ ^ |9b(^a^ + £a^ + Pa^^c-2Pc^^a) ,(8.108) 
QtZo"^ - ObZ^'^ ~ 0, (8.109) 

to principal parts (~). We clearly recognize the wave operator of equation 
()8.99|) on the left-hand-sides of ()8.107riH'.109|) . The ordering constraints on 
the right-hand-sides of ()8.107riH!l08|) are not present in ()8.99p : they are a 
consequence of the first-order reduction we used to derive the Z(2-|-l)-|-l 
system. Analytically of course, the ordering constraints vanish, but this may 
not obtain numerically and so we have to include them in the subsidiary 
system. Fortunately, the ordering constraints propagate along the normal 
lines: 

StVABCD = ^tC-AB = ^tAAB = ^iBab'^ = . (8.110) 

Constraint-preserving boundary conditions are obtained by requiring the 
incoming modes of the subsidiary system to vanish at the boundary. If ^a is 
the unit outward-pointing normal to the boundary and _L denotes contraction 
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with fiA (cf. section lOj) . the conditions read 

00 + ^±-20x^^ = 0, (8.111) 

ZoA + Z^A + UAa± + Ca± + Va±c'' - 2Vc±''a) = , (8.112) 

Zo'^ + Z±'^ = 0. (8.113) 

We now express these conditions in terms of regularized Z(2+l)+l vari- 
ables and in linearized theory. The time derivatives of the Z vector ()8.101|) 
are substituted using the evolution equations (jHISIUniSSl) • The boundary 
conditions at r = rmax can be written as 

0^1-^ 3 ~ C^r' [0 2^2 D^'zz T Sj' Dj'rpj^ -\- D^y^ -\- Zj^ 

= d,[-2B/ -rDrrz + '^D.rr + rs,- Z,] (8.114) 

+r~'^{Drrr + -Drzz " '^D^rz — Zr + 6s) + irSr , 
d4~^ = dr[rY + Xrr + Xzz - - D^rz - Zr] 

= dz[Xrz-rDrrz]-Y -r-'Dzrz, (8.115) 
(9,i^5 = drlxrz - |(v4^ + 2D^rr - D^^^ + rs^ - 2Z^)] 

= dz[2xrr + rY -e -\{Ar- Drzz + 2D„r + r'^Sr)] (8.116) 

^ Xrz Sz , 

drl^^Q = drW + 2Z'P] = -dzE' - 3r-^E'' . (8.117) 
For the z = Zmax boundary we find 

dzli,3 = dz[9 - 2rB/ - 2D^„ - rSz + rb„z + 

= dr[-2Bz'' + D„r + Drzz- D,rz- Zr + r^~Sr] (8.118) 
+r^^{Bz'' + Drrr + Drzz " "iDzrz - + 6s) + ArSr , 

BzKa = dz[rY + 2xrr-e-rb„.z-Zz] 

= dr[Xrz-D,rz]+r~\Xrz + D,rz), (8.119) 
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dzlXrz -l{Ar + Drzz + T^Sr - 2Z^)] 

dr[rY + Xrr + Xzz ' - \{Az + D,,, + TS,)] 



(8.120) 



+Y + S, 



Z -I 




(8.121) 



As in section IH^ these boundary conditions are again prescriptions for the 
normal derivatives of the incoming modes. The conditions at the z = z^^ax 
boundary are regular at r = provided that the on-axis conditions hold 
(table ED) • We have verified that equations (IH:TMrTT7ll and fimMTT^ 
are satisfied identically by the exact solutions of chapter [3 This is as it 
should be because the constraints vanish for an exact solution and so do the 
incoming modes of the subsidiary system. 

8.5 Gauge boundary conditions and summary 

To complete the boundary conditions derived so far in sections 18.31 and 18.41 
we have to prescribe boundary conditions for the gauge variables a and P^. 
Because we are free to specify the gauge in any way we like, this procedure 
is essentially arbitrary. The simplest choice would be absorbing boundary 
conditions for the gauge modes, 



Provided that the gauge parameters are chosen to be those of harmonic gauge 
{f = fi = d = a = l,m = 2), equation ()8.122|) is satisfied identically by the 
exact solutions of chapter d but equations ()8.123j) only hold to leading order 
in r^^ (-2^^)- 



/7 = o, 



(8.122) 



(8.123) 
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Can we construct gauge boundary conditions that are all satisfied iden- 
tically by the exact solutions? In harmonic gauge, the lapse a and the 
components of the shift (3^ each satisfy a wave equation to principal parts: 
in linearized theory, 

dfa-dsd^a ~ 0, (8.124) 
d^p-^ -dsd^p"^ ~ 0. (8.125) 

This is clear from the harmonic gauge condition ()6.39|) but can also be verified 
directly from the linearized Z(2+l)+l equations f section [7. Ij) . It is important 
to note that harmonic gauge is the only choice of gauge parameters for which 
one obtains a closed evolution system for the gauge variables. 

We can now construct boundary conditions for ()8.124flH.125|) in a similar 
way as we did for the constraint evolution system ()8.99|) . which also formed 
a wave equation. In order that the waves in the gauge variables leave the 
computational domain without causing reflections, it is reasonable to set the 
incoming modes of ()8.124flH.125|) to zero at the outer boundaries, i.e. 

dta + d±a = 0, (8.126) 
dtp^ + d^p"^ = 0, (8.127) 

where as usual _L denotes a derivative normal to the boundary. 

Substituting the time derivatives using the evolution equations ()7.9H7.1l]) 
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we obtain in the r-direction 

= Ar - 2xrr - Xzz - rY + 26 

= Ij , (8.128) 

= 2rR/ + - A,. - Dr,, + 2D,rz - r^Sr - 4s + 2Z, 

= -1^ -IJ +2l^3 + 2lo,7 + r-'(3'' -4s, (8.129) 

-rs^ + 2Z^ (8.130) 
= -/^ - 2/o,6 + 2r-iff,, . 

Equation ()8.128|) is simply an absorbing boundary condition for /J. How- 
ever, ()8.129j) is more problematic because it specifies in terms of /fg, of 
which only the normal derivative is known if we impose constraint-preserving 
boundary conditions ()8.114|) . What happens though if we take a time deriva- 
tive of dHIEHHHIISni)? Equation (jO^ becomes 

drl] = -d,A, - r-^Ar . (8.131) 

As for ()8.129p . terms djj and drli^ will appear (recall that Ij and /^g are 
eigenfields in the r-direction both with speed 1 in the harmonic case). These 
can be eliminated using ()8.131|1 and ()8.114|1 . The result is 

drl^ = d,[A, + 2{-B/ + B/-rDrr. + 2D,rr + rs,-Z,)] 

+r~^[Ar + 2(2r5/ + Arr + Drzz - 3D,rz - Zr (8.132) 
+2r'^Sr + 4s)] . 

Thus we have managed to obtain a prescription for the normal derivative of 
in terms of tangential derivatives and source terms. The time derivative 
of ()8.13()j) becomes 

a,r = dz[2{B/ - rB/)] + 4Ar. + 2r-\B/ - B/) . (8.133) 
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Applying the same procedure in the 2;-direction yields 

djj = -drAr-r-^Ar, (8.134) 

+r-^[Ar + 2(5/ + 2D,r, + Drrr + Drzz - 3D,,, (8.135) 

+4r^Sr + 6s - Zr)] , 
= 9,[2(r5/-5/)]+4(5/-s,). (8.136) 

These equations are regular on axis because of table lOl 

As expected, the boundary conditions (|8.1 3lMOTn|) and (jOT!^HOT^ 
are now satisfied identically by the exact solutions. 

Summary. Using information about the Newman-Penrose scalar \l/o (sec- 
tion 18. 3p . the constraint propagation system (section 18. 4p and the gauge 
propagation system (section I8.5|l . we have obtained a total of 9 boundary 
conditions for each outer boundary. The conditions all specify the normal 
derivatives of the incoming modes in terms of tangential derivatives and 
source terms. 

We have checked that the boundary conditions are satisfied identically 
by the exact linearized solutions of chapter [71 except for the two outgoing- 
radiation boundary conditions, whose residuals are of the optimal order of 

Since the linearized Z(2+l)+l system with dynamical shift has 9 incom- 
ing modes, we have a complete set of boundary conditions specifying all the 
incoming modes of the system. In the vanishing shift case, one deletes the 
boundary conditions for and /~ and obtains a total of 7 conditions, which 
is again the required number. 

It is a fortunate coincidence of axisymmetry that the numbers work out 
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in such a convenient way. In the case without symmetries, there are more 
characteristic variables and hence more boundary conditions are required. 
For instance, there are 6 additional pairs of light cone modes [23 . This 
problem can be addressed by considering instead of \E'o the evolution system 
of the electric and magnetic parts of the Weyl tensor, which leads to the right 
number of boundary conditions for the light cone modes |HH] • 

8.6 Fourier- Laplace analysis 

Having derived a set of boundary conditions in sections IH7SM8.51 the question 
arises whether the associated initial boundary value problem is well-posed. 
Because the boundary conditions are not of the dissipative type ()8.4H) . the 
standard theorems mentioned in section IS.2. II do not apply. 

We now prove a necessary condition for well-posedness of the IBVP in 
the high-frequency limit using the Fourier-Laplace technique ■ This limit 
is also known as the WKB approximation, or geometrical optics. It implies 
that we may neglect the source terms in the linearized Z(2+l)+l equations 
against the flux terms. Harmonic slicing is used (/ = l,m = 2), and we 
consider first the case of a vanishing shift vector. 

To begin with, it is convenient to rewrite the linearized Z(2+l)+l equa- 
tions (section 17.111 in characteristic space, i.e., as evolution equations for the 
characteristic variables. This can easily be done with the help of a computer 
algebra programme using the transformation between conserved and charac- 
teristic variables f section l8.ip . The characteristic form of the equations has 
the advantage that it is the same both for characteristic variables in the r- 
direction and in the z-direction (this has been checked explicitly). Hence we 
use general indices _L and ||, where either (x"*", x") = (r, z) or (x^, x") = (z, r). 
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The coordinate normal to the boundary under consideration is X"*" and the 
one parallel to it is xK The characteristic variables refer to the ^-'--direction. 
Neglecting the source terms, we find 



dtlo,i 


~ 2^11(^1,3 + ^1^3 h,4 ^lA + ^/ ) ' 


(8.137) 


dtk,2 


= -1^11(^1:5 + ^^5), 


(8.138) 


dtlo,3 


= -i^ll i-Kl - ^tl + ^1,3 + ^^3 + + ^m) , 


(8.139) 




= -WKi + ^ti), 


(8.140) 


dtl'0,5 


= -|a|iH7 + /;), 


(8.141) 




= 0, 


(8.142) 


dJoj 


= 0, 


(8.143) 


dtlti 


= Td±lf^i — d\i (Zo,4 — ^0,7) , 


(8.144) 






(8.145) 




= Td±lf^3 — (/o,i + 2/0,3 + ^0,4 — ^0,5 + ^0,7) ) 


(8.146) 




= Td±lf 4^ — (— /o,l + 2/0,3 + ^0,4 + ^0,5 + ^0,7) ; 


(8.147) 




= T9±/t5-|9|| (2/0,2 + /o,6), 


(8.148) 


dtlte 


= ^^±^^6 + ^11 ^1:2, 


(8.149) 


84 


= Td±lf T diilo,5 ■ 


(8.150) 



We can solve these equations by means of a Laplace transformation in 
time and a Fourier transformation in the x" direction. That is, we write the 
solution as a superposition of modes of the form 

u(t, x^, x") = u(x^)e"*+^'^^" , (8.151) 

where s G C, Re(s) > 0. Substituting this into ()8.137MR'.150|1 . we obtain a set 
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of ordinary differential equations in the coordinate x-^ coupled to algebraic 
conditions. For simplicity we set 

^ = ux^, C = ^, (8.152) 

(we may assume uj > because we are only interested in high frequencies) 
and we leave out the hats on the transformed variables. 

Substituting ()8.152|) into ()8.137riH!l43|) yields the following algebraic con- 
ditions for the zero-speed modes: 



0,1 


~ 2C ^^^,3 + ^1,3 


0,2 


~ ^^(^1,5 + ^1,5) ' 


0,3 


~ 4C'^ 1,1 1,1 


0,4 




0,5 




0,6 


= 0, 


0,7 


= 0. 



(8.153) 
(8.154) 

^0,3 = -^(-^1,1 ^ ^1^1 + ^1,3 + ^1^3 + ^1,4 + ^m) ' (8.155) 
/o,4 = -01,1 + lti), (8.156) 
/o,5 = -^(-^7+^/), (8.157) 
^0,6 = 0, (8.158) 

(8.159) 

These can now be used to eliminate the zero-speed modes in the Fourier- 
Laplace transform of (jHHSHHUnni) : 

= TCltiT^{K,, + lti), (8.160) 

¥t2 = TClt2 + ^lle, (8.161) 

^C^ta ~ TC^^s "F 1(^0,1 + 2/0,3 + ^0,4 — ^0,5 + ^0,7) 

= Tats Tj-^iK3 + Its), (8.162) 

^C^M ~ TC^^4 -F f(—/o,l + 2/0,3 + ^0,4 + ^0,5 + ^0,7) 

= TC/t4T^(/M + ^^4), (8.163) 
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¥t5 = TC/t5Tt(2/o,2 + /o,6) 

= TClt^Ti-^iK^ + lt,,), (8.164) 

^te = TC^6-^^?:2, (8.165) 

= TC^t-2?(-^7+^/)- (8-166) 



This system of ODEs decouples into the following 2x2 blocks: 

ddKi^ltif = M,{ll^,ll,f, (8.167) 

dSlz^l^f = Mi{ll^,llzf, (8.168) 

dSiM^ - MSl.^lUT, (8.169) 

^€(^i"5,^t5)^ = ^1(^1-5,^^5)^, (8.170) 

dS-f^l^f = M2{lJ,ljV, (8.171) 

5«(^i:2,/^6)^ = M3(/i-2,/t6)^, (8.172) 

^€(^^2,^1-6)^ = ^4(^^:2,^1-6)^, (8.173) 
where the matrices Mj are given by 

\ ~2C ~'^~2C 

M3 = ^ ^_ I , M4 = I ' I . (8.174) 

Each matrix Mj has eigenvalues ±A where 

A = Vl + e , (8.175) 

with the sign of the square root chosen such that Re(A) > for Re(C) > 0. 
The corresponding solutions of the ODEs have a ^-dependence of exp(±A(^). 
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We only admit solutions that are in the interior and so we have to exclude 
the exp(— A,^) solutions^ because they blow up as ,^ ^ — oo. The (right) 
eigenvectors of the M, with eigenvalue +A and hence the admissible solutions 
of the ODEs are found to be 



(^1,1' 


= aie^^ 


-i,(C-A)T, 


(8.176) 


(^1,3' ^l^s) 


= aae^^ 


-i,(c-A)T, 


(8.177) 


(^1,4? ^m) 


= ase^^ 


;-i,(c-A)T, 


(8.178) 


(^1,55 ^1,5) 


= a^e^^ 


-i,(c-A)T, 


(8.179) 




= ase^^ 


;i,(c-A)T, 


(8.180) 


(^1,25 ^i^e) 


= aee^^ 


-^,C-A)^, 


(8.181) 


(^1^25 ^i.e) 


= are^^ 


;^,c + Af , 


(8.182) 



and the general admissible solution is a superposition of these with arbitrary 
complex constants a^. 

In order for the IBVP to be well-posed, the constants Oj have to be 
uniquely determined by the boundary conditions, for all C ^ C with Re(C) > 
0. Otherwise, there exists a nontrivial solution for some ( with Re(C) > 0, 
which after reversing the Fourier-Laplace transformation takes the form 

u(t, x^, x") = u(a;^)e^(^*+"") . (8.183) 

Here u can be arbitrarily large. Hence no estimate of the form ()8.43|) holds, 
and the IBVP is ill-posed. 

The boundary conditions we want to impose consist of the outgoing- 
radiation conditions f ()8.91flSI^^ and (jHiinHHilSl)), the constraint-preserving 
■^It is more common in the literature to have the boundary at ^ = 0, with ^ > being 
in the interior, in which case the opposite sign of A has to be chosen here. 
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conditions f (j8.114riFrTT7ll and dHIIIHHSinil) ) and the gauge boundary con- 
dition for the lapse function ((jHHSH) and ()8.1H4j) ). In characteristic space 
and after performing the Fourier-Laplace transformation, these boundary 
conditions can be written as 

^€^1,1 = ~f (2^0,1 + 2/o,7 + 3/;^ 5 — /j*^5) 

= -4(^1:3 + ^^3-^1:4-/^4-^7 + ^;) (8.184) 
— 1(3^1,5 — ^1,5) ' 
d(K2 = Wtfi + Kfi), (8-185) 

^^5^1,3 = ~f ("^0,1 ~ 2/0,3 ~ ^0,4 + ^0,5 ~ ^0,7) 

= Tci^i,3 + Its) , (8.186) 

9^ll,4 = -f(-/o,7 - 2/1^^5) 

= (8-187) 

^5^1,5 = -f (-^0,6 - ^1,1 - ^1,3 + ^1,4 + 2// ) 

= -t(-/i:i-/i:3 + /r,4 + 2/7), (8.188) 

d^Ke = -Wl2 + lt2). (8.189) 

d^l-j = -2/0,7 

= -4(-//+//)' (8-190) 

where we have again used the algebraic conditions ()8.153flS.159|) to eliminate 
the incoming modes. (It does not matter whether we choose (_L, ||) = {r,z) 
or (+, II) = {z,r), the result is the same.) Inserting the superposition of 
ip.naiKW^ into (jHHHHIinni), we obtain the following relations for the 
coefficients Oj. Equation ()8.18(ij) yields 

= -Xa2 + ^[1 - (C - A)>2 = Ca2 , (8.191) 
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where we have used ()8.175|) . Hence 02 = because Re(C) > 0. Similarly, 
(|H.19(ljl becomes 

= Aas + ^[-1 + (C - A)']a5 = -(^5 (8.192) 

so that 05 = 0. Equation ()8.188|) tells us that 

04 = —iXa^ . (8.193) 

Inserting the results for 02, 04 and 05 into equations ()8.184|1 and (j8.188j) leads 
to the following linear system for the coefficients oi and a^. 



-A -A + C'(C-A) 



2 2 

Its determinant is found to be 







1- 








[ <H ) 





(8.194) 



^i(C) = -tC(C + A). (8.195) 

Di{() 7^ because Re(C) > and Re(A) > 0. Hence oi = 03 = is the only 
solution. The twist subsystem ( ()8.185|1 and ()8.189|l ) implies that 



A + KC-A) KC + A) 



)l 









0. (8.196) 



Its determinant is 

^2(0 = i[C(4C' + 3) + A(4C' + 1)] . (8.197) 
Let us multiply this with 

^2(0 = \me + 3) - x{Ae + 1)] , (8.i98) 

obtaining 

1^2(0^2(0 = UCi^C + 3)' - (1 + + If] = -1^ ^ . (8.199) 
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Hence also ^2(0 ^ for all ( E C. 

We conclude that the only solution that satisfies the boundary conditions 
is the trivial one (oj = OVz), and thus we have proven a necessary condition 
for well-posedness of the IB VP in the high-frequency limit. 

It should be stressed that the above determinant condition is necessary 
but not sufficient for well-posedness. If the boundary conditions are alge- 
braic, a stronger condition called the Kreiss condition 93J is sufficient: the 
IBVP is well-posed if the determinant of the coefficient matrix is uniformly 
bounded away from zero for Re(C) ^ 0. This condition is not satisfied in our 
example, as equation ()8.195j) clearly shows. Even if the Kreiss condition is 
satisfied, this does not guarantee well-posedness of the IBVP if the boundary 
conditions are differential as in our case. A counter-example can be found in 
|117j . Furthermore, we have only investigated the limit of high-frequencies. 
There could well be an instability for low frequencies where the source terms 
may not be neglected. 

In the above analysis, we have assumed that the shift vector vanishes. 
The algebra in the dynamical shift case turns out to be considerably more 
complicated - the system of ODEs no longer decouples into simple 2x2 blocks 
as in equations ()8.167ti8.173|) . A REDUCE programme has been written to 
carry out the calculation in this case. Of course, the twist subsystem is 
unchanged. Remarkably, the determinant of the coefficient matrix for the 
remaining system turns out to be (up to a constant factor) again Di defined 
above ()8.195j) ! Hence the same stability result applies in the dynamical shift 
case. 
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In the preceding sections, we have developed three different sets of boundary 
conditions: 

• absorbing boundary conditions (section r8.2.2|) 

• dissipative boundary conditions with zero Z vector (section I8.2.3j) 

• differential boundary conditions (the combination of sections 18. 3| 18.41 
andEHI) 

We now perform some numerical experiments to assess the performance 
of these boundary conditions in practice. The ideal boundary conditions 
would be numerically stable (i.e., no "blow-up" of the numerical solution 
occurs) and they would minimize spurious reflections. These originate when 
the wave arrives at the outer boundaries. The reflections then propagate 
in and grow in amplitude as a consequence of cylindrical polar coordinates 
(the time-reverse, an outgoing wave, loses amplitude as it travels out in these 
coordinates). The maximum of the reflections occurs when they reach the 
origin, i.e., approximately two hght-crossing times after the pulse is emitted 
from the origin. 

To measure the reflections, we use the exact linearized solutions of chapter 
[Has a test problem and monitor the numerical error. The three test problems 
we look at are 

• the even-parity non-twisting quadrupole solution (section f7.3.1|l evolved 
with vanishing shift 

• the same evolved with dynamical shift 
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• the even-parity twisting octupole solution (section I7.4| here the shift 
does not enter the hnearized evolution equations) 

For all the runs, the resolution is taken to be 32 points in both spatial 
dimensions and the outer boundaries are placed at rmax = Zy^ax = 5. The 
mode functions are of the form ()7.1U5|) with amplitudes Fq = Gq = 10~^. The 
outer boundaries are not very far out compared with the width of the initial 
pulse (~ 1) and the resolution is rather low, but this suffices for our purposes 
here. The amplitude of the reflections decreases approximately linearly as 
Tmax and ^max are increased and it is nearly independent of the resolution. The 
qualitative comparisons we draw between the different boundary conditions 
below are robust under changes of these parameters. 

8.7.1 Numerical method 

The interior grid points are evolved in the same way as in section 17.51 In 
particular, fourth-order numerical dissipation is added at all interior points 
unless otherwise stated. This implies that we need two layers of ghost cells 
at each boundary. 

In all cases, the outgoing and zero-speed characteristic variables v+ are 
computed from the conserved variables u at the outermost interior cells and 
are linearly extrapolated to the ghost cells. 

For the dissipative (absorbing and zeio-Z) boundary conditions, the in- 
coming modes at the ghost cells are then set in terms of the outgoing and 
zero-speed modes there using the dissipative boundary conditions ( ()8.44|1 or 
(jH3EHH3ni), respectively). Finally the ghost cells are transformed back to 
conserved variables. 

The differential boundary conditions have the form (we write out the 
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r-direction, the z-direction follows by symmetry) 

d^v- =dj + s (8.200) 

and are discretized as described in section 11.1 .31 equation ()4.23|) . We have 
also implemented the second-order discretization ()4.2(jj) but in the cases in 
which the boundary conditions were unstable, the instability showed up ear- 
lier when using that discretization. 

8.7.2 Numerical results 

The quadrupole solution with vanishing shift. Consider first the non- 
twisting quadrupole solution (section 17.3. Ij) evolved with vanishing shift vec- 
tor. Figure 18.11 shows the norm of the error for the variable s and the 
constraint 6 (the qualitative results are similar for the remaining variables). 

As expected, the reflection-induced peak of the error occurs after two 
light-crossing times, at t ^ 10. The zero-Z dissipative boundary conditions 
cause much stronger reflections than the absorbing boundary conditions, par- 
ticularly for the constraints. This is somewhat surprising because we argued 
in section l^.2.3l that the zero-Z boundary conditions are satisfied by the exact 
solution, in contrast to absorbing ones. However, the zero-Z boundary con- 
ditions are not constraint-preserving and are indeed highly reflective because 
they form Dirichlet conditions for the wave equation ()8.99j) . Both types of 
dissipative boundary conditions (absorbing and zero-Z) are stable. 

The differential boundary conditions perform best in minimizing the re- 
flections. However, at late times (t > 20) the error begins to grow exponen- 
tially. In an attempt to cure this instability, we tried applying second-order 
dissipation ()4.69|) instead of fourth-order dissipation ()4.64|) near the bound- 
aries (at the outermost interior cells and along the first ghost layer). This 
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Figure 8.1: Test of boundary conditions for the quadrupolc solution with vanishing shift. 

norm of the error as a function of time for the variables s (top panels) and 9 (bottom 
panels). Left panels: absorbing (dashed) and zero-Z (dotted) boundary conditions, right 
panels: differential boundary conditions without (dashed) and with (dotted) modified 
dissipation near the boundaries. For comparison, the solid lines show the error if the 
exact solution is imposed at the boundaries. 
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Figure 8.2: Instability of the differential boundary conditions (quadrupole solution with 
vanishing shift), (a) norm of the error as a function of time for the variable s. Solid line: 
without modified dissipation near the boundaries, dashed line: with modified dissipation 
near the boundaries, dotted line: same as solid line but with twice the resolution, (b) The 
variable s at t = 25. 

postponed the blow-up to a later time but could not eliminate it completely 
(see the right half of figure I8.1|) . 

In order to determine the nature of the instability, we performed the same 
evolution again but with twice the resolution. Figure 18.2b shows that the 
instability sets in earlier and with a higher exponential growth rate. The ratio 
of the growth rates is found to be 2.00±0.02. This suggests that the numerical 
solution behaves like ~ exp{at/h) at late times. The dependence on the 
grid spacing h means that the instability is not present in the continuum 
problem but is caused by the finite-differencing used. Modified second-order 
dissipation near the boundaries reduces the growth rate but cannot eliminate 
the instability (for no value of ^ e^) ^ 1). So far we have not found a stable 
discretization. Figure |HI2b indicates that the instability might emanate from 
the outer corner. A more careful treatment of the discretization at the corner 
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Figure 8.3: Test of boundary conditions for the quadrupole solution with dynamical 
shift. norm of the error as a function of time for the variable s. Left panel: absorbing 
(dashed) and zero-Z (dotted) boundary conditions. Right panel: differential boundary 
conditions without (dashed) and with (dotted) modified dissipation near the boundaries. 
The solid lines show the error if the exact solution is imposed at the boundaries. 



will be required (one-sided differences are used in ()4.23j) ) 



The quadrupole solution with dynamical shift. The results for the 
evolution with a dynamical shift vector are similar f figure IHTSjl . With regard 
to the avoidance of reflections, the differential boundary conditions perform 
better than the absorbing ones, which in turn are better than the zero- 
Z dissipative boundary conditions. (We do not display the constraint 6 
here because it is affected by the linear drift of the error (section 17. 5p and 
differences between the boundary conditions are hardly visible.) Again, a 
late-time instability occurs for the differential boundary conditions, which 
can be postponed but not eliminated by modifying the numerical dissipation 
near the boundaries. 

The twisting octupole solution. The twisting octupole solution (section 
17. 4j) is the only test problem for which the zero-Z dissipative boundary con- 
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Figure 8.4: Test of boundary conditions for the octupolc solution. norm of the 
error as a function of time for the variables B"^ (top panels) and Z"^ (bottom panels). 
Left panels: absorbing (dashed) and zero-Z (dotted) boundary conditions. Right panels: 
differential boundary conditions (dashed). The solid lines show the error if the exact 
solution is imposed at the boundaries. 



ditions outperform the absorbing ones (figure |H3I). The differential boundary 
conditions are about as good, and in this case they are also stable. 



8.7.3 Conclusions 

We conclude that in all cases, the differential boundary conditions do the best 
job in reducing reflections from the outer boundaries. However, their non- 
twisting part suffers from a late-time instability, which appears to be caused 
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by the particular discretization that is currently used. For the time being, 
the differential boundary conditions cannot be used in numerical simulations, 
at least not for a long time (one might switch to more stable boundary 
conditions at late times, see section l^?^ . 

As expected, the boundary conditions of dissipative type are stable in 
all cases. With regard to reflections, absorbing boundary conditions clearly 
outperform the zeio-Z ones for the nontwisting subsystem. For the twist 
subsystem, the zeio-Z boundary conditions are marginally better. 

In section 19. 2^ the boundary conditions are further tested from the point 
of view of mass conservation. 



Chapter 9 

Adaptive evolutions of 
nonlinear generalized Brill 
waves 

The numerical evolutions with the Z(2+l)+l system presented so far were all 
linear. In this final chapter, we turn to nonlinear evolutions of axisymmetric 
gravitational waves in vacuum. A nonzero twist is included and hence we 
refer to the problem investigated here as generalized Brill waves. 

We begin by explaining our choices of initial data and gauge in section 
19.11 The pros and cons of the different gauge conditions are discussed and 
the need for adaptive mesh refinement (AMR) is demonstrated. A 3-grid 
convergence test is performed in section 19. 2[ indicating the accuracy of our 
implementation. Once we form a black hole in supercritical Brill wave evo- 
lutions, we would like to detect it, and so we describe our method of finding 
apparent horizons in section 19.31 Our results on adaptive evolutions of both 
sub- and supercritical generalized Brill waves are presented in section 19.41 
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9.1 Initial data and gauge choices 



Our method of generating initial data is similar to the formalism used in 
chapter We take the initial 2-metric to be conformally flat, 

Hab = i^^SAB ■ 



Free data is prescribed for the Z(2+l)+l variables^ s, a and 
We choose Gaussian profiles 



s 
a 



—AsT exp 
Abtz exp 
1 — Aa exp 



- r \2 



' z \2 



-( — )'-( — ) 



.^2 
r \2 



2 

z \2 



(9.1) 

(9.2) 

(9.3) 
(9.4) 
(9.5) 



Note that the factors of r and z have to be included for the correct behaviour 
at small r and z (as before, we impose reflection symmetry about 2 = 0). 
Unless otherwise stated, we take all the widths a to be 1 and Aa = 0. The 
variables Xab, Y and E"^ are chosen to vanish initially. As already mentioned 
in section 15.71 this initial data is more general than Brill's orginial one 
(which has zero twist, Ab = 0) but is still time-symmetric, so that the term 
generalized Brill waves is justified. 

The momentum constraints ()3.5H) and the Geroch constraint ()3.52|) are 
automatically satisfied for this choice of initial data. The Hamiltonian con- 
straint ()3.50|1 takes the form 

+\[rs^rr + 4s,r + 2r~^s + (s + rs^rf + rs^zz + r'^s^J^]^) 







(9.6) 

"'^Note that the Z(2+l) + l definition of s differs from the one in chapter |S1 by a minus 



sign. 
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This elliptic equation is solved for the conformal factor ip using Multigrid 
(section l4.3j) . Note that the variable B'^ has been conformally rescaled ()9.2j) . 
Otherwise B'^ would be multiplied with a positive power of in the 
equation would not be linearization-stable, and Multigrid would fail to con- 
verge (cf. section I37S|) . After solving the Hamiltonian constraint, the original 
variable B'^ is formed and the derivatives of the 2-metric are computed nu- 
merically. 

Next the question arises which gauge in the family of generalized harmonic 
gauge conditions (section l(i.2j) one should use in order to evolve this initial 
data. The vanishing shift case and the dynamical shift case turn out to 
behave in a completely different way, as illustrated by figure 19.11 whereas 
the variables clearly show a wavelike behaviour and eventually assume their 
fiat-space values in the dynamical shift case, they settle down to a non- 
trivial static solution in the vanishing shift case (we shall see below that 
this is also Minkowski space, but in non-standard coordinates). A similar 
residual "lump of gauge" for harmonic slicing with zero shift has also been 
reported by Eppley [IHj. The explanation for this lies in the fact that in pure 
harmonic gauge (i.e., including a dynamical shift), all the variables obey the 
wave equation to principal parts (section l6.2|l . which does not hold in the 
vanishing shift case. The linear evolutions in chapter [3 were wavelike even 
for vanishing shift only because the initial data was taken to be that of the 
exact solution. It is not clear which restrictions one has to impose on general 
initial data such that this property extends to the nonlinear case. These 
difficulties were our main motivation for adding dynamical shift conditions 
to our original paper |119j . 

In order to convince ourselves that the final state of the vanishing-shift 
evolution is indeed Minkowski space, we need to compute the curvature. A 
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(a) dynamical shift 



(b) vanishing shift 



Figure 9.1: The variable s at time t — 8.75 for a Brill wave with amplitudes As — I and 
Ab = using harmonic gauge with (a) dynamical and (b) vanishing shift vector (gauge 
parameters f = d = ^,~a = 1, m = 2). Single grid with 64 points in each dimension, 



useful quantity to look at is the Kretschmann scalar 



(9.7) 



evaluated at the origin r = z = 0, where we expect the curvature to be 
maximal. To simplify the calculation, one can first note that when computing 
the Riemann tensor for a general metric of the form ()2.26p and finally setting 
r = 0, the ipt, ipr and ipz components do not contribute. We also assume 
that the shift vanishes. Hence we consider the metric 

/ _.,2 ^ 





-a 




V 
















r'^H„Q 



2rs 



{9.t 



J 



For this we compute the Riemann tensor directly using REDUCE, substitut- 
ing the evolution equations for the time derivatives. The resulting expression 
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Figure 9.2: The Kretschmann scalar / as a function of time for a Brill wave with 
amplitudes — 1 and As — using harmonic slicing with vanishing shift. 

is manifestly regular. It contains up to second-order spatial derivatives of the 
metric, i.e., first-order derivatives of the first-order variables (j(15lMH3!^ . To 
second order in the grid spacing h, it is consistent to evaluate / at the in- 
nermost grid point r = z = h/2 and to set u^r = for a variable that is 
even in r and u^r = 2u/h for a variable that is odd in r (and similarly for z). 
Figure 19.21 shows that / for the above evolution starts off at a large value of 
~ 200, then drops rapidly and after a few bounces settles down at a constant 
small value of ~ 2 (this is mainly determined by the time step and decays 
as it is decreased). This suggests that the curvature of the final state indeed 
vanishes. 

Unexpected difficulties occur for strong waves (amplitudes Ag > 3, irre- 
spective of Ab). In the dynamical shift case, the solution blows up exponen- 
tially as the waves travel out. The first variables to grow are the constraints 
6, Zr, Zz, and soon after all the remaining variables are affected. The blow-up 
occurs at z = (where most of the variables have their extrema), well away 
from the axis r = 0. We have checked that the location and growth rate are 
essentially unchanged as the resolution is increased. Hence it is likely that 
we are faced with a continuum instability. 
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Motivated by work of Brodbeck et al. , Gundlach et al. (TO] have re- 
cently proposed the addition of constraint-damping terms to the Z4 equations 

(inn), 

Rafj + 2V(aZ(3) - Kcni^ni^aZp) - g^pn^Z^) = , (9.9) 

where is the unit timehke normal to the foliation and kcd > is a con- 
stant. After performing the Geroch and ADM reductions, this implies that 
we should add the following terms to the right-hand-sides of the Z(2+l) + l 
equations: 

CJ = ...-2kcb0, (9.10) 
LuZa = ■■■-i^cbZa, (9.11) 
CnZ'^ = ...-kcbZ'^, (9.12) 

'CnXAB = - ft^CD OHab ■ (9.13) 

The authors of [TUj showed that in the high-frequency (or geometrical op- 
tics) approximation, all constraints are damped exponentially if the damping 
terms are included, except modes that are constant in space. Recently, con- 
straint damping has been used successfully in binary black hole simulations 
|112j . However, we found that it could not eliminate the blow-up in the grav- 
itational wave evolutions with dynamical shift considered here, for any value 
of KcD- It should be stressed that the analysis in [Slj is only valid for high- 
frequency constraint violations. It is unclear if the inclusion of such damping 
terms renders the constraint manifold Zq, = an attractor if the wavelength 
of the constraint violations becomes comparable with the curvature scale, as 
is expected in nonlinear gravitational wave evolutions. We have also tried 
eliminating all nonlinear couplings with the Z vector in the source terms of 
the Z(2+l)+l equations, again without any improvements. Hence harmonic 
gauge with dynamical shift appears to be unusable for the problem at hand. 
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One is faced with a different obstruction when using a vanishing shift 
vector: the occurrence of steep gradients and highly distorted waves. This is 
not surprising if we recall that the coordinate characteristic speeds depend 
on the spatial metric: the physical speeds in section 16.41 were computed for 
the projection of the flux vector along the unit normal to the boundary, 
JF-*- = J^^ha- For the r = rmax boundary, for example, ha = Sa'/vH^- 
Hence the coordinate speeds in the r-direction (corresponding to the r- 
component of the flux vector, JF'^) are obtained from the physical speeds 
by multiplying with ylL^ . If the metric is wavelike as in the dynamical shift 
case, then it is essentially constant when averaged in time, and the charac- 
teristic speeds should be uniform across the grid on average. If however the 
metric is essentially static and non-constant as in the vanishing shift case, 
then there can well be regions in which the characteristics converge (signals 
to the left travel faster than those to the right for a right-moving wave) , and 
steep gradients can build up. 

It has been claimed by Alcubierre [U IHl El that under certain circum- 
stances, true discontinuities can develop when using hyperbolic gauge con- 
ditions, so-called gauge shocks. Our results strongly suggest that this is not 
the case in our problem, provided that we choose the gauge parameter to be 
/ = 1. We do observe a steep gradient in the profile of the lapse function 
a, or equivalently, a sharp peak in the variable = a~^a^r, which travels 
out at the speed of light. However, if we switch on the adaptive mesh re- 
finement (section l4.5j) and sufficiently refine the region around the gradient, 
we can show that the peak is completely smooth (figure l!0|l . Its height in- 
creases as one increases the amplitude Ag. We have checked that the peak 
is well-resolved during the entire evolution even for for the largest ampli- 
tudes considered in section This would not be possible on a single coarse 



CHAPTER 9. EVOLUTIONS OF NONLINEAR BRILL WAVES 



208 




i 




(a) 



(b) 



Figure 9.3: The variable = a~^a^r at time t = 1.72 when the spike reaches its 
maximum height, for a Brill wave with amplitudes Ag = 4 and As = 0, using harmonic 
slicing with vanishing shift, (a) shows the base grid, (b) the finest grid containing the 
spike. The base grid resolution is 64 points and 4 levels of refinement are added. 

grid: there the feature looks like a "delta-function" and the finite-difference 
code would crash because of the Gibbs oscillations that this causes. Hence 
adaptive mesh refinement appears to be crucial in order to be able to evolve 
radiative spacetimes with harmonic slicing and zero shift. Preliminary re- 
sults indicate that for parameters f ^ 1, the peak in the gradient of the 
lapse becomes narrower and narrower during the evolution, which ultimately 
crashes the code. This is in agreement with the work of Alcubierre, who 
showed that generalized harmonic slicing will always develop gauge shocks 



for / < 1. 



9.2 Convergence test 



Unlike in linearized theory, no exact solutions are known for nonlinear Brill 
waves and so the method of testing the convergence of the code used in 
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section 1731 is not applicable. However, we can perform a 3-grid convergence 
test based on Richardson extrapolation. As explained in section 14. 5^ we 
estimate the error on a grid with grid spacing h by 

e'^ ^ |(u2'^-u^), (9.14) 

where u'* denotes the numerical approximation on G^. This involves inter- 
polating the approximation from G'^'^ to G^, and it is important to use an 
interpolation scheme that is more than second-order accurate in order not to 
affect the leading order of the error estimate (we use biquadratic interpola- 
tion). Similarly, we can estimate the error on by 

For a second-order accurate code, the ratio of the errors should be 

l|e'1l/||e''||^4, (9.16) 

where we use the discrete L^ norm and all variables are summed over. 

We evolve a twisting Brill wave with amplitudes Ag = Ab = 1 using har- 
monic slicing (/ = 1, m = 2) with vanishing shift. The coarsest grid has a 
resolution of 32 points, with the outer boundaries placed at r^ax = z^ax = 5. 
The Courant number is taken to be 0.5. First we can check that the initial 
data solver works correctly. The estimated errors on the two finest grids ob- 
tained via Richardson extrapolation are 9.91 x 10~^ and 2.25 x 10^'^, yielding 
a ratio of 4.40. The constraint residuals (evaluated independently from the 
Muhigrid solver) are 5.11 x 10"^ 1.28 x 10"^ and 3.23 x 10^^ with ratios 3.99 
and 3.96. This is perfectly second-order convergent. Next we look at the evo- 
lution of the errors and constraints. Figure shows the estimated errors as 
well as the residuals of the Einstein constraints ()3.50fn?3^ . the Z constraints 
6 = Zr = Zz = Z"^ = and the differential constraints associated with the 
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definitions of the first-order variables ()6.51flU3Hj) . The results indicate not 
perfect, but approximate second-order convergence up to one light-crossing 
time (t = 5). At this point we switched from differential boundary conditions 
to absorbing ones (chapter ^ in order to avoid the instability of the former 
at late times. This leads to a loss of convergence and an increase particularly 
of the constraint residuals - this is what we expect because the absorbing 
boundary conditions are not constraint-preserving. However, we do achieve 
a stable evolution in this way. 

A useful quantity to monitor during the evolution is the ADM mass, the 
mass of an asymptotically flat spacetime measured at spacelike infinity. This 
can be derived by writing the Hamiltonian constraint ()3.50p in linearized 
theory in conservation form 

kp = VaJ^, (9.17) 

where V denotes the flat-space connection and the current is given in our 
variables by 

The ADM mass is then defined by an integral over a 2-surface 6*00 at spacelike 
infinity, 

Madm = J^d^^A, (9.20) 

(^Sa denoting the area element on Boo- We choose the S^c to be aligned with 
the grid boundaries, 

Madm = ^^lim^ \ r JMr|_^ + r, JM.|_J • (9.21) 

We have verified that we obtain the same result for the ADM mass if we 
start from the standard expression found in the literature |l()2j . which is 
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(c) Z constraints 



(c) differential constraints 



Figure 9.4: 3-grid convergence test for a Brill wave with Ag = As = 1- The resolutions 
are 32 points (dotted), 64 points (dashed) and 128 points (solid) per dimension. Shown 
are as functions of time the norms of (a) the estimated error on the two finest grids; 
(b) the Einstein constraints, (c) the Z constraints and (d) the differential constraints on 
all three grids. 



only valid in Cartesian coordinates, and carefully transform it to cylindrical 
polar coordinates. 

In the numerical implementation, we evaluate the integrals in ()9.2H) at 
ro = 0.9rniax, = 0.92;max (a few grid points away from the outer boundaries 
in order to reduce the influence of possible reflections). One would expect 
the ADM mass to be constant until the wave reaches the outer boundaries 
of the computational domain and to drop afterwards. This is confirmed by 
figure 19.5b . which shows the ADM mass as a function of time on the three 
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Figure 9.5: The ADM mass as a function of time for a Brill wave with As — Ab — 1- 
(a) 3-grid convergence test as in figure (b) absorbing (solid) vs. differential (dashed) 
boundary conditions on the finest grid. 

grids. The higher the resolution, the longer the mass is conserved. In order to 
study the influence of the boundary, we perform another run with twice the 
domain size, leaving the surface of integration (the "detector") at the same 
location (figure 19. This shows that the initial drop of the numerically 
evaluated ADM mass at t ~ 4 is indeed caused by the wave passing through 
the detector rather than by reflections from the boundary. However, the 
(unphysical) negative value of the ADM mass at t > 6 appears to be a 
boundary effect - this is less severe in the run with twice the domain size. 

It turns out that the ADM mass is extremely sensitive to the outer bound- 
ary conditions we impose, and we can use this to assess the various choices 
of boundary conditions that are available. Figure IHIEb shows that the differ- 
ential boundary conditions of chapter |H1 perform very well in this respect but 
that absorbing boundary conditions are not very mass-conserving at all. This 
is what we expect because the differential boundary conditions are designed 
such that no incoming radiation enters the domain from the outside, whereas 
this does not hold for absorbing boundary conditions. For this reason, we 
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Figure 9.6: Dependence of the numerically evaluated ADM mass on the location of the 
outer boundary for a Brill wave with As = Ab = 1- Solid line: rmax = -Zmax = 5, dashed 
line: rmax = -^max = 10. In both cases, the integral H9.21|l is evaluated at rg = = 4.5. 
The resolution is 64 points per dimension and differential boundary conditions are used. 

henceforth use differential boundary conditions as long as we can and switch 
to absorbing ones at late times just before the instability sets in. 

9.3 Apparent horizon finder 

Once a black hole has formed in our numerical spacetime, we would like to 

be able to detect it. An indication of black hole formation is the existence of 

trapped surfaces, i.e., closed two-surfaces whose outgoing null geodesies have 

zero expansion ("light cannot escape"). The outermost^ trapped surface in 

a given spacelike slice is called the apparent horizon. Since only the data on 

a given spacelike slice is required, apparent horizons can be determined at 

each time step during a numerical simulation. 

The (future) event horizon is defined to be the boundary of the causal 

past of future null infinity. This is a global property of spacetime: in contrast 
^It can be very difficult to verify that a trapped surface is the outermost one. Often 
the terms "apparent horizon" and "trapped surface" are used synonymously. 
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to an apparent horizon, the event horizon can only be determined if the entire 
future development of the given slice is known, i.e., at the end of a numerical 
simulation. 

Under certain technical assumptions, the existence of an apparent horizon 
implies the existence of an event horizon containing the apparent horizon in 
its interior [ZHl- Unfortunately, the converse is not true: one can construct 
slicings of Schwarzschild spacetime such that there is no apparent horizon 
|139j . although an event horizon does of course exist. However, generally an 
apparent horizon is a good approximation to the event horizon. In particular, 
the two coincide in stationary spacetimes. 

In the following, we shall focus on apparent horizons and derive an equa- 
tion determining the horizon in the (2 + 1) + 1 formalism. 

Suppose we are given an apparent horizon on a t/iree-dimensional space- 
like hypersurface ^^^S. Let be the outward-pointing unit normal to the 
horizon, ^^^Qaf^ the metric on ^^-"E, 

= 9af3 + n^up , (9.22) 

(■^^V the covariant derivative of that metric, and ^^^Kap the second funda- 
mental form, 

(3)if,^ = -(=^W(3)V^(7;^)- (9-23) 
From the unit spatial normal s° to the horizon and the unit timelike 
normal to '^'^^S, we can construct the future-pointing outgoing null vector 
field 

r = n° + s° . (9.24) 

The expansion O of the null vectors is given by the (four-) divergence of P 
projected into the hypersurface H, 

Q = {i^)g^P _s''s^)Vpla. (9.25) 
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Substituting ()9.24p into ()9.25|) and using the definition of tlie second funda- 
mental form ()9.2Hj) . we obtain |145j 

e = (3) v„s" + ^^^K^ps^'s^ - ^^^K . (9.26) 

For an apparent horizon, this quantity has to vanish. 

We would hke to write equation ()9.26|) in (2 + 1) + 1 form. The first term 
on the right-hand-side can be rewritten as 

V«s" = dAS^ + X-^^OaX . (9.27) 

Using the definitions of ^^''Ka/s ()9.2Hj) and Xa/s (jSiSni), we can express ^^^Ka/s 
in terms of (2 + 1) + 1 quantities: 

^'^K^p = xap + X-^i^^ep)^uj^ + X-\^ipK/ . (9.28) 

Hence we obtain the apparent horizon equation in (2 + 1) + 1 form, 

d^s^ + X-h^dAX + Xabs^s"" -x~K^^ = 0, (9.29) 

which is clearly an equation in A/". 

Since the horizon is a closed curve in ^^^H fl J\f, we can parametrize its 
coordinates as x"^ = x^(r). The horizon normal is then given by 

dx^ „ /^^ dx^ da;^^ "^^^ 



iV.^^,,,__J . (9.30) 

Let us also introduce the unit tangent to the horizon, 

t^ = N^. (9.31) 
dr 

Clearly, f^SA = 0. Differentiating that relation, we obtain 

= dsit^SA) = SAdet^ + t^dsSA 
^0 = t^SAdsf^ + t^t'^dBSA = t^SAdBt^ + H^^deSA, (9.32) 
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where in the last step we have used that the two-metric can be written as 
j^AB ^ gAgB _^ ^A^B ^Yiai sas^ = 1. Hence we find 



dAs"" = -t''sAdBt^ = -t''sA{dBt^ + T^Bct'') 

d^a;"^ dx^ dx^ dx*" dx^ 



^AB—TT, \ h ^AB—, \ \ — ^^CD 

dr^ dr dr dr dr 



(9.33) 



which agrees with |1U4[ eqn. (2 • 23)]. 

In practice, we choose the parameter r to be the spherical polar angle 9.^ 
The cylindrical polar coordinates of the horizon are 

x^ = r = R{e)sine , x^ = z = R{9) cosO , (9.34) 

where the spherical polar radius R{0) is the unknown function we need to 
determine. 

With these definitions, ()9.29p becomes a nonlinear second-order ODE for 

f{e,Ri9),R'ie),R"ie),uiR{e),e)) = 0. (9.35) 

Here u denotes the vector of (2+l)+l variables. We require that the horizon 
be smooth on the axes, which implies Neumann boundary conditions 

R'{0) = i?'(f ) = (9.36) 

(note again that we impose refiection symmetry about z = 6 = |). 

We cover the interval [0, |] with a uniform cell-centred grid consisting of 
Nh points with grid spacing hn = jw^- Second-order accurate centred finite 
differences are used to discretize the derivatives of R{9), 

~^ 2K^iRi+i - Ri-i) , 
R'i -^(-Rj+i — 2i?i + i?j_i) , (9.37) 



^This parametrization only works when the apparent horizon forms a star-shaped do- 
main with respect to the centre. 
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where 1 ^ i ^ N^, and ghost cells are employed to implement the boundary 
conditions 

Ro = Ri , Rnh+i = Rnh ■ (9.38) 

The nonlinear two-point boundary value problem ()9.35fl^7^ is solved using 
the Newton- Raphson method. At each step of the iteration, we approximate 
the Jacobian matrix 

J, = ^ (9.39) 

numerically by a difference quotient 

^ 2hi IMR^ + ^R) - MRj - ^R)] ■ (9-40) 

Fortunately, the discretization ()9.37riOHj) yields a tridiagonal Jacobian ma- 
trix, which can be solved exactly in 0[Nh) operations using the Thomas 
algorithm |l()9j . 

We have tested our apparent horizon finder for a Schwarzschild black hole 
of mass M in isotropic coordinates, 

Its horizon is a sphere of radius R = M/2. 

Figure 19.71 shows the convergence of the Newton iteration. Here we have 
chosen the mass to be M = 4 and the initial guess for the horizon to be 
a sphere of radius Rq = 1. The algorithm converged for initial radii Rq G 
[0.05, 4.5]. One could probably enlarge the radius of convergence by including 
a line search in Newton's method |l()9j . The radius and rate of convergence 
turn out to depend crucially on the displacement AR used to evaluate the 
Jacobian matrix ()9.40p . The best performance was achieved by choosing 
AR ^ 0.5Nh^^R- As seen in figure 19. 7[ the final error and residual settle 
down at a constant level after a few iterations. This is mainly determined 
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(a) (b) 

Fi gurc 9.7: Test of the apparent horizon finder for a Schwarzschild black hole of mass 
M = I and initial guess R = I for the horizon radius. The horizon grid resolution is 
64 points, the data grid resolution 128 points in each dimension, with Tmax = z^ax = 5. 
Shown are (a) the approximation to the horizon shape after each Newton iteration and 
(b) the norms of the residual of the apparent horizon equation (solid) and the error 
with respect to the exact solution (dashed) as functions of the iteration number. 

by the resolution of the grid holding the (2+l) + l variables, from which the 
data is interpolated. 

If a spacelike slice does not contain an apparent horizon, the approxima- 
tion typically shrinks to a point and we stop the iteration once its radius is 
smaller than one grid spacing. 

If an apparent horizon is found, one can compute the mass M of the black 
hole via the (proper) horizon area Ah- the area radius is defined as 

n.= ^ (9.42) 

and the horizon mass is then given by 



M = \Ra. 



(9.43) 
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The area can be calculated as 

Ads, (9.44) 

=0 

where A is the norm of the Kilhng vector and ds is the hne element of the 
horizon curve, 

For our test problem above, the algorithm determined the mass to be M = 
4.00014, corresponding to a relative error of 3 x 10~^. 

One should remark here that formula ()9.43|1 only holds for non-rotating 
black holes. For rotating black holes, it has to be replaced with 



1 



M = ^^R\ + AJ\ (9.46) 

where J is the angular momentum of the black hole (see e.g. |4F for a dis- 
cussion in the isolated horizon framework). However, axisymmetric initial 
data on a spacelike slice S that does not contain any trapped surfaces has 
zero angular momentum in vacuum. (Angular momentum in axisymmetry 
can be defined in an unambiguous way by the Komar integral jHOj associated 
with the Killing vector ^, 

J = n-^ (f dSafsV''^'^ , (9.47) 

and a little calculation shows that this vanishes in vacuum by virtue of the 
angular momentum or Geroch constraint ()3.52j) ). Angular momentum con- 
servation implies that if a black hole forms when evolving such initial data, 
it must also have zero angular momentum. 

With regard to the relation between angular momentum and twist, one 
should note that a nonzero angular momentum implies a nonzero twist, but 
not the other way around. 
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In this final section, we present some evolutions of strong Brill waves close 
to the threshold of black hole formation. The initial data is taken to be that 
of section lOTTl We focus on non- twisting waves here {Ab = 0). Amplitudes 
As in the range 4 ^ ^ 6 are considered. The width of the pulse is taken 
to be ar^s = (^z,s = 1- The same initial data was chosen (in a 3D code) by 
Alcubierre et al. [H] and (in an axisymmetric code) by Garfinkle and Duncan 
|f)2j . The former authors determined the critical amplitude of black hole 
formation to be A* = 4.85 ± 0.15 and the latter reported 4 ^ A* ^ 6. 

The two codes used different gauge conditions (maximal slicing with zero 
shift vs. maximal slicing with Wilson shift (cf. section l5?T|l ) but the critical 
amplitude should of course be independent of the gauge. Our gauge condition 
is again different: we use harmonic slicing (/ = l,m = 2) with zero shift. 
It is found empirically that by choosing the initial lapse function to have a 
slight dip at the origin, Aa ~ 0.5 in ()9.5j) . the initial rise of the peak in the 
gradient Ar of the lapse function is less drastic (about half the growth rate), 
making it easier for the code to cope with this feature. 

Adaptive mesh refinement is used with a refinement criterion based on 
truncation error estimation as described in section 14.5.31 A reasonable value 
for the threshold of the norm of the error appears to be 0.1. The largest 
values attained by the variables during the evolutions are of the order of 10^ 
so that the threshold corresponds to a relative error of ~ 10~^. We have also 
experimented with "ad hoc" refinement indicators such as a combination of 
the quantities h'^A^ and h'^6 (some power of the grid spacing h has to be 
included here so that the algorithm does not refine indefinitely). The first 
quantity ensures that the gauge peak is tracked during the evolution, the 
second one takes highly oscillatory features close to the origin into account 
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Figure 9.8: Typical AMR hierarchy in strong Brill wave evolutions: the variable Y at 
time i « 3 for the amplitude = 5. Only a quarter of the base grid is shown. The high 
resolution region on the right coincides with the position of the gauge peak. 

that typically lead to constraint violations, particularly of the variable 6. 
This refinement criterion gave similar results as the one based on truncation 
error estimation. We decided to use the latter in order not to lose track of 
features that cannot be controlled with the "ad hoc" criterion. Figure 19.81 
shows a typical AMR hierarchy. The resolution of the base grid is taken to be 
128 points in each dimension and up to three levels of refinement are added. 
This is the minimum number of levels needed in order to keep all features 
well resolved. Two levels are used ab initio in order to keep the residual of 
the Hamiltonian constraint at a tolerable level close to the origin. 

The outer boundaries are placed at rmax = z^^ax = 5. This is sufficient 
for supercritical evolutions Ag > 5, which do not produce much gravitational 
radiation because the wave essentially collapses. For the dispersing waves 
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with As < 5, the results should only be trusted until times t ~ 10, after which 
the solution becomes dominated by reflections from the outer boundaries. As 
explained in section EISl we start with differential boundary conditions and 
switch to absorbing ones ai t = 3.5. 

All the parameters - resolution, location of the outer boundaries, evo- 
lution time - should be enlarged considerably in the future if more power- 
ful computer equipment is available. The runtime for the strongest wave 
{As = 6) presented here was ~ 6 hours on a 3 GHz single-processor ma- 
chine, and the code is still in the testing phase. The code would have to be 
parallelized in order to make efficient use of multi-processor architectures. 

The following plots refer to Brill waves with amplitudes Ag = 4, 5 and 
6. The corresponding ADM masses are Madm = 0.48, 0.67 and 0.94. Figure 
19.9b shows the logarithm of the lapse function at the origin as a function 
of time. Whereas the lapse eventually returns to its fiat-space value for the 
As = 4 evolution as the wave disperses, it continues to collapse for the As = 6 
evolution. The code could not be run long enough (for reasons discussed 
below) to determine the final fate of the As = 5 wave. This qualitative 
behaviour of the lapse in the three evolutions is consistent with the results of 
section IbTI (figure 15. 3|) . where a very different formulation was used. It also 
agrees with jH] and [02] • The claim that the As = 4 wave disperses and the 
As = 6 wave collapses is further substantiated by figure 19.9b . which shows 
the evolution of the Kretschmann scalar I ()9.7|) evaluated at the origin. This 
quantity decays at late times in the As = 4 case and grows exponentially 
in the As = Q case, which indicates that a singularity is approached. The 
Kretschmann scalar is still highly oscillatory at the end of the runtime of the 
near-critical As = 5 evolution. 

No apparent horizon was found in the supercritical As = 6 evolution 
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Figure 9.9: (a) Logarithm of the lapse function at the origin and (b) Kretschmann 
scalar at the origin as functions of time for amplitudes Ag ^ 4 (solid), 5 (dashed) and 6 
(dotted). 

during the runtime of the simulation (until t ^ 5.7). To make sure that this 
is not caused by bad convergence of the apparent horizon finder, we used 
a sequence of circular trial curves spanning the entire domain of interest as 
initial guesses. There appeared to be a trend for the average expansion of 
curves with radius ^ 1 to decrease but we would have to wait a little longer 
for it to pass through zero. Alcubierre et al. [0] report the formation of the 
apparent horizon at t = 7.7 in their coordinates. 

In order to see why the simulations crashed, we display the norm of the 
Z vector as a function of time in figure I9.1()b (the remaining constraints be- 
have in a similar way). For near- and supercritical evolutions, the constraints 
begin to grow exponentially fast at late times. This growth then affects all 
the other variables and ultimately leads to a breakdown of the numerical 
evolution. The growth mainly occurs close to the origin across a rather large 
spatial scale (again, this is not a high-frequency instability). The growth rate 
is robust under variations of the Courant number (we used At/h = 0.5 for 
the results presented here) and of the resolution, which indicates that we are 
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(a) (b) 

Figure 9.10: norm of the Z vector as a function of time, (a) The Ag ^ 4 (sohd), 
5 (dashed) and 6 (dotted) evolutions with constraint-damping constant kcd = 4, (b) the 
As = 6 evolution with kcd = 4 (solid) and (dashed). 

faced with a continuum instability. Figure d. Ill demonstrates that the onset 
and growth rate of the instabihty depend only weakly on the location of the 
outer boundary. This suggests that the predominant source of the constraint 
growth is the formulation of the equations in the bulk, not the boundary 
conditions. 

We included constraint-damping terms in the evolution equations as de- 
scribed in section 19.11 Figure l9.1Ub shows that this does have a positive 
effect: the growth rate of the constraints is smaller if a nonzero Kcd > is 
chosen. For large values kqd ^ 10, however, instabilities at the outer bound- 
aries quickly developed. A good compromise appeared to be kcd ~ 4. For 
no value of kcd could constraint-damping eliminate the exponential growth 
completely. We also tried setting Z" = every few timesteps (a simple exam- 
ple of "constraint projection" |HS1)- However, the increase in the constraint 
variables became increasingly rapid after the projections, again ultimately 
leading to a blow-up of the numerical solution. 

The development of more sophisticated methods for controlling the growth 
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Figure 9.11: Dependence of the constraint growth on the location of the outer boundary. 
Shown is the norm of the Z vector as a function of time for a Brill wave with amplitude 
As — 6. Solid line: Tmax = ^max = 5, dashed line: Tmax = -Zmax = 7.5. (No constraint 
damping is included here.) 

of the constraints in this formulation of the Einstein equations will be cru- 
cial in order to be able to evolve long enough such that interesting physical 
phenomena can be studied. The work of Abrahams and Evans suggests 
that critical behaviour will not set in before t > 20 (although this will be 
gauge- dep endent ) . 

To close on a more positive note, we demonstrate that we can evolve 
twisting spacetimes as well. Figure IH". 121 shows a few snapshots of the variable 
i?*^ for an evolution with amplitudes Ag = 4 and Ab = 2. As pointed out 
in section 13.21 the evolution equations for the twist variables are essentially 
Maxwell's equations and as expected, we see a wavelike behaviour, although 
a rather complicated one because the twist system is now coupled to the 
remaining evolution equations in a nonlinear way. 



CHAPTER 9. EVOLUTIONS OF NONLINEAR BRILL WAVES 



226 




Figure 9.12: Evolution of the twist variable B'^ for a strong generalized Brill wave with 
amplitudes Ag = 4 and As = 2. 



Chapter 10 



Conclusions and outlook 

10.1 Conclusions 

This thesis has been concerned with formulations of the Einstein equations 
suitable for the numerical evolution of axisymmetric spacetimes, mainly fo- 
cusing on the vacuum geometry. 

We started out by trying to understand why many previous attempts to 
evolve these spacetimes failed because of instabilities on the axis. This led to 
a detailed study of the behaviour of the components of axisymmetric tensor 
fields with respect to cylindrical polar coordinates, given that the components 
with respect to Cartesian coordinates were regular in a neighbourhood of the 
axis. 

In order to exploit the axisymmetry and simplify the system of equa- 
tions as much as possible, we first performed a dimensional reduction to the 
Lorentzian three-manifold formed by the trajectories of the Killing vector. 
This manifold was then foliated into spacelike hypersurfaces by an ADM 
decomposition, arriving at what is known as the (2+l)+l formalism |l()()j . 
We included general matter sources and rotational degrees of freedom, which 



227 



CHAPTER 10. CONCLUSIONS AND OUTLOOK 



228 



have been neglected in previous numerical studies. 

The first evolution system we presented adopted elliptic gauge conditions 
arising from maximal slicing and conformal fiatness of the two-metric, as 
previously considered in [IHl 1121 EI]- The hyperbolic evolution equations 
were integrated using the method of lines with second-order finite differ- 
encing, and the elliptic equations were solved using an efficient Multigrid 
algorithm. In strong field situations the Multigrid solver failed when try- 
ing solve the Hamiltonian constraint and the slicing condition during the 
evolution. This was explained in terms of a lack of diagonal dominance of 
the discretization matrix. In addition, an analytical investigation indicated 
that the equations concerned might actually be ill-posed in the sense that 
they are not linearization-stable. If on the other hand we used free evolu- 
tion, the constraints suffered from a severe numerical violation. We showed 
that the constraint evolution system was in fact ill-posed in this case. These 
observations led us to consider a partially constrained evolution scheme, in 
which only the momentum constraints were solved but not the Hamiltonian 
constraint and for which the elliptic equations were well-posed. Using this 
modified scheme, we were able to evolve strong Brill waves and estimated the 
critical amplitude of black hole formation by looking at the collapse of the 
lapse function. For the first time, a nonzero twist was included. The runtime 
of the code for near-critical evolutions is at present limited by the resolution. 
Adaptive mesh refinement would be needed to explore the critical behaviour 
more closely. 

The problems we experienced with this mixed hyperbolic-elliptic system 
motivated the search for a completely hyperbolic formulation of the Einstein 
equations. We used the Z4 formalism developed by Bona et al. j2^ but 
applied it to the (2+l) + l formalism, arriving at what we called the Z(2+l)+l 
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system. Generalized harmonic gauge conditions were included, both with 
vanishing and dynamical shift vector. We wrote the equations in first-order 
form as conservation laws with sources. The system was shown to be strongly 
hyperbolic and, for one choice of parameters, symmetric hyperbolic. By a 
judicious choice of dependent variables based on our study of the behavior 
of axisymmetric tensor fields, we were able to write the equations in a form 
that was well-behaved on the axis and suitable for numerical evolutions. 
The incompatibility of the harmonic shift conditions with axisymmetry was 
addressed by adding a suitable gauge source function. 

As a first test problem for our implementation, we considered exact so- 
lutions of linearized theory. The quadrupole waves of Teukolsky jl32j were 
expressed in terms of Z(2-|-l)-|-l variables and the two polarization states 
were understood in terms of twisting and non-twisting solutions. In addi- 
tion, we derived a new even-parity twisting solution with octupolar angular 
dependence. The solutions were shown to satisfy the Z(2-|-l)-|-l equations 
provided that the gauge parameters and gauge source functions were chosen 
such that transverse-traceless gauge and (generalized) harmonic gauge are 
compatible. Second-order convergence of our code to the exact solutions was 
demonstrated up to the point when the waves interacted with the boundary. 
Whereas the error decayed with time in the vanishing shift case, it grew lin- 
early if a dynamical shift was used, the cause of which would need further 
investigation. 

Next we discussed various choices of outer boundary conditions. The 
dissipative boundary conditions we considered included absorbing boundary 
conditions and boundary conditions with vanishing Z vector. A study of the 
Newman-Penrose scalars and the constraint and gauge propagation systems 
led to a set of differential boundary conditions, where the normal derivatives 
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of the incoming modes were prescribed. Whereas dissipative boundary con- 
ditions have been proven to be stable subject to certain restrictions on the 
hyperbohc system I124j , those theorems do not apply to the differential 
boundary conditions. Hence we analyzed the latter using the Fourier-Laplace 
technique. This suggested that our differential boundary conditions were sta- 
ble in the high-frequency limit, although it could not rule out a low- frequency 
instability. Numerical evolutions of the linearized solutions showed that the 
dissipative boundary conditions were stable as expected but that (the non- 
twisting part of) the differential boundary conditions suffered from a late- 
time instability, which appeared to be a finite-difference instability rather 
than a continuum one. In minimizing spurious reflections from the outer 
boundaries, the differential boundary conditions performed better than the 
absorbing ones, which in turn outperformed the zeio-Z boundary conditions 
in most cases. 

Finally, we turned to nonlinear evolutions of generalized Brill waves (in- 
cluding twist). Initial data was generated in the same way as for the hyper- 
bolic-elliptic system by requiring that the 2-metric be conformally flat and 
that the extrinsic curvature be zero initially. When using harmonic slicing 
with zero shift, subcritical initial data of this type evolved to a nontrivial 
representation of Minkowski space. Adaptive mesh refinement turned out to 
be essential in order to resolve the highly distorted waveforms that occurred 
as a consequence of this. We showed that for pure harmonic slicing (/ = 1), 
no gauge shocks appeared. A 3-grid convergence test was carried out for a 
moderately strong Brill wave, and a study of the numerical conservation of 
the ADM mass showed that differential boundary conditions are superior to 
those of dissipative type in this respect. Adaptive evolutions of near-critical 
Brill waves were then performed. We obtained bounds on the critical ampli- 
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tude by looking at the evolution of the lapse function and the Kretschmann 
scalar at the origin. These are consistent with the results obtained with our 
hyperbolic-elliptic system and by other authors. The simulations could not 
be run long enough yet for an apparent horizon to form in the supercritical 
case. The main limitation to the runtime is currently an exponential growth 
of the constraints. The inclusion of constraint-damping terms [ZOl in the 
evolution equations decreased the growth rate but could not eliminate the 
blow-up completely. 

In a sense, the situation is more complicated in Z4-like formulations than 
in different approaches because extra constraint variables (the Z vector) are 
introduced. Only solutions with Z = are solutions of the Einstein equa- 
tions, but it is not at all clear whether the constraint manifold Z = is an 
attractor in the fully nonlinear case. On the other hand, terms homogeneous 
in the Z vector can easily be added to the evolution equations without af- 
fecting the characteristic structure (in general, this is not possible in more 
conventional approaches). It is quite possible that constraint additions will 
be found in the future that eliminate the constraint blow-up completely. 

10.2 Outlook on future work 

Once the growth of the constraints is under control, we will hopefully be able 
to tune closer to the critical point of black hole formation and to evolve long 
enough so that the potentially interesting physics that occurs at the threshold 
can be studied. Apart from comparing with the results of Abrahams and 
Evans PI E] , we would like to find out whether a nonzero twist might modify 
the critical behaviour. Another question that should be addressed is whether 
highly distorted initial data can lead to the formation of naked singularities 
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in Brill wave collapse 1^2] • 

Our long-term goal is to include matter in the form of a perfect fluid. 
This is much more interesting physically because perfect fluid spacetimes 
can carry angular momentum. When studying the gravitational collapse of 
a rotating fluid, the question arises what happens with the angular momen- 
tum at the threshold of black hole formation. A perturbation analysis by 
Gundlach [68j predicts that for a slightly non-spherical and slowly rotating 
fluid, the critical solution will be the spherically symmetric one, which for 
the ultrarelativistic equation of state was found by Evans and Coleman [SI] . 
According to Gundlach, the angular momentum in supercritical evolutions 
will obey a similar power-law as the black hole mass and an expression 

for the dependence of the angular momentum exponent on the mass expo- 
nent and the equation of state has been derived. It would be very interesting 
to probe those results numerically. 



Appendix A 



Perfect fluid 



In section IH.H^ we derived the evolution equations for general matter in the 
(2+l)+l formalism. Here, we specify the matter model to be a perfect fluid. 
We write the equations in conservation form and work out their characteristic 
decomposition. The transformation from conserved to primitive variables is 
cast in a form that helps avoid superluminal speeds in numerical simulations. 

A.l Conservation form 

The matter evolution equations (jlKfflhnTTTI IH.Hlj) can clearly be written in 
conservation form (with sources and a common advection term), 



Following [12] , we replace pu with Pk = Ph — <^ (kinetic energy) and regard 
as the set of conserved variables 




(A.l) 



u = 



{pK,JA,J'^,cr)^- 



(A.2) 
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The fluxes are 



^ PK 




(A.3) 


J A 


C D 
— JA , 


(A.4) 


J- 


= S^, 


(A.5) 


pD 
•J a 


= s^ 


(A.6) 



and the source terms are 

S,, = {^^-J^){D\ + LA) + K/{r + pK) + XABS^'' 

-J^Aa + xPk + X'E^Sa, (A.7) 

Sj^ = -Sab{A'' + L'') + Ja{x + K^^) + 2Ba''Jb 

-AaPh + Lat + \\EaJ^ + eAsS'^B^P) , (A.8) 

Sj. = -(DIa + 3La)5^ + J'^(x + 3ir/), (A.9) 

= -{D'A + LA)^^ + a{x + K^n- (A.IO) 

We use the notation of section ing for the first-order derivatives of the metric. 

A. 2 Matter model 

To evaluate the characteristic structure, we need to specify the matter model. 
Here, we consider a perfect fluid with four-velocity m", normalized such that 

UaU'^ = -l, (A.ll) 

rest mass density p, pressure p and internal energy e. The dependence of the 
pressure on the density and the internal energy is given by the equation of 
state 

p=p(p,e). (A. 12) 



APPENDIX A. PERFECT FLUID 



235 



With those definitions, the number density is 

A^" = pii" (A. 13) 

and the energy-momentum tensor is given by 

T""^ = phu^'u'^ + pg'^P , (A. 14) 

where h is the specific enthalpy, 

h=l + e+^. (A.15) 

The Lorentz factor is defined as 

H/ = -M"n„. (A. 16) 

Observers who are at rest in a shce E(t) (i.e., who have four-velocity n") 
measure a coordinate velocity 

^W-^ha^u"" , (A. 17) 

and the angular velocity is 

v'^ ^W-^X-'^^au'' . (A.18) 
Hence we obtain the familiar relation 

= (1 - ^;2)-V2 ^ (A.19) 

where 

= VAV^ + X%^^ . (A.20) 

The variables 

w=(^;A,^;^p,p,e,/i,W^)^ (A.21) 
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are called primitive variables. Note only five of these are independent because 
of ()A.12j) . ()A.15j) and ()A.19jl . The conserved variables can be expressed in 
terms of the primitive variables as 

Pk = phW"^ - p- pW , 

Ja = phW^VA, 

= phW^"^, (A.22) 

a = pW, 

and the remaining matter variables are 

r = pW^^V^+p, 

= phW^-^VA, 

Sab = phW^AVB + pHab , (A.23) 

Sa = pWvA ■ 

A. 3 Characteristic decomposition 

The characteristic decomposition for 3+1 general relativistic hydrodynamics 
was first derived by the Valencia group [12J. The application to our (2+l) + l 
system is straightforward. Note however the additional source terms that 
occur in our case. Our method differs slightly from |^ in that we choose a 
general orthonormal basis (/i^, vr"^) in two-space as in sectioning and project 
vectors along p (index ±) and vr (index ||). 

Following the notation of [S3], we introduce a few abbreviations. From 
the equation of state ()A.12|) . we form 



_ dp _ dp , 2 _ , P t\ OA\ 

^ = ^' '^ = ^' hc^ = x + ^f^, (A.24) 
op oe p^ 
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where Cg is known as the sound speed. Also set 



K 1 — f±A^ 1 — v±Xf 

C± = t;^ - , ^ = 1 - ^ (A.25) 

A = h^W{l-IC~^){C+ -C-)^. 

Our definitions of ^ and A differ from those in [21] by a factor of to ensure 
regularity on axis. We have defined /C~^ instead of /C to allow for the special 
case of the ultrarelativistic equation of state ()A.37|1 . for which /C^^ = 0. As 
a consequence, A above has been multiplied by /C^^ and the characteristic 
variable Zo,i has been divided by /C^^ 

The system is found to be strongly hyperbolic. The characteristic speeds 
in the /i-direction are 



Ao = v± 



1 



1 — v'^cl 



±Cs^il-V^) [(l-^;2c2)_^;2(l_c2)]}. (A.26) 

The characteristic variables I (corresponding to the left eigenvectors) are 

W r 

+W{v^J^ + v^\J\\+Xh^J^)^, (A.27) 
/o,2 = ^{-^||(o^ + Pi^)+^^±^||^± + (l-^^l)^||} , (A.28) 
^0,3 = ^{-v'^{ct + Pk)+v''v^J^ + {1-vI)J'^} , (A.29) 
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+(2 - IC-^)V^W^^{v±J± + J|| + AVJ'^) (A.30) 
+ [(/C-i-l) {-v^ + v^{w'^-i)) 

-W^V^^] {a + pK}]. (A.31) 
The inverse transformation (corresponding to the right eigenvectors) is given 

by 

a = ^/o,i + W^hV + AV/o,3) + /+ + C, (A.32) 
J± = IC-'vJo,, + 2hWW{viilo,2 + X^vno,3) 

+hW{C+lt + C-l;) , (A.33) 
J|| = IC-\>iilo,i + hlo,2 + 2^2^11 (t;,|/o,2 + A\%,3) 

+hWv\^{lt + (A.34) 
= /C-it;%,i + /i/o,3 + 2/il^V(t;|,/o,2 + AV/o,3) 

+ (A.35) 

PK = f/C-i--^^/o,i + W^(2/^W^-l)(^||V + AV/o,3) 



+hw{Ant + ^-/;) - e - K ■ (A.36) 



A. 4 Transformation from conserved to prim- 
itive variables 



The conserved matter variables ()A.2|) are the ones that are evolved in a 
numerical algorithm. To compute the remaining matter variables (IA.23|1 
and the eigenvectors, the primitive variables have to be calculated from the 
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conserved variables in an intermediate step. This transformation is much 
more involved than the opposite direction ()A.22j) . To make it explicit, we 
have to specify an equation of state. Here, we consider the ultrarelativistic 
equation of state, 

p={r- l)ptot = (r - l)p(e + 1) = ^^ph , (A.37) 

where ptot is the total energy density. 

Suppose we are given the conserved variables, and also form p^ = px + cr. 
Consider the quantity 

Using (jA.22jl . (jA.37jl and (jA.19jl . we can express and pu in terms of the 
primitive variables as 

J' = [f^y P'W\W' - 1) , 

Ph = V (t^W^ - ■ (A.39) 



V-l 

Eliminating W yields an equation for the pressure in terms of conserved 
variables: 



p = -2Pph + ^^P'pI + (r - l)ipj, - .P) , (A.40) 
where /3 = (2 - T) /4. Next define 

X.-^^^. X-^^^^, X^-X.X-' + AV^ (A.41) 

ip ip 

We identify = W^v^ and x'^ = VT^f and hence with ()A.19j) we obtain 



^(v/m^-l). (A.42) 
This now enables us to calculate the velocities, 

va = W~\a, v'' = W-\^. (A.43) 
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The form of W'"^ in ()A.42|) guarantees that If^l, \v'^\ ^ 1- This is most 
important since evolved speeds greater than unity (i.e., greater than the 
speed of hght) can easily cause the numerical code to crash. 

Finally, we can calculate the specific enthalpy and rest mass energy den- 
sity from (|X22|) and (jOTj) . 

A similar method of calculating the primitive variables to the one de- 
scribed here is used by Choptuik and Neilsen ll()5j and Hawke jZIj . 



Appendix B 

Regularized conservation form 



In this appendix we write out the fluxes and sources of the regularized con- 
servation form ()6.165|) of the Z(2+l)+l equations. The equations were gen- 
erated with the computer algebra language REDUCE (HU], from which we 
created LaTeX code using the TeX- REDUCE Interface TRI 
To demonstrate regularity on axis, we define 

u = r~^u (B.l) 

for a variable u that is 0(r) on the axis (see table IK7^ . In terms of the 
hatted variables, the fluxes and sources are manifestly regular on axis. They 
are either even or odd functions of r. As a shorthand, we introduce 

H = HrrHzz — Hrz^ (B.2) 

for the determinant of the 2- metric. We use the minimal gauge source func- 
tion (IFTTT)^ . 

B.l Fluxes in the r direction 

r {H„) = 

241 
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P' {Hr,} = 

JP" (s) = 
JP" (a) = 

P' 03') = 
{p') = 

(^Drrz^ = 01 (^—r^B/Hyz — B/Hzz 

-Bj; Hrr B^ Hrz ~l~ Xr0^ -Drrz^ P' 

P (Dr,,) = axzz - '2a (r^B/Hrz + B/H,,^ - DrzzT^P^ 

•F {-Dzrr) ■Dzrr'^P' 
P^ ^^ZTz) £^zrz^ P' 

P' {Dzzz) = -Dzzzr(3' 
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+ af (r^y - me) - 2H-WxrJHr, - r'^AJr 

- ]^H-^abrrydH-^HlH,, + H-'abrr,r^dH-'Hr, 

- ^H-^abr,,r^dH^^ + H'^aD^rrH-^Hrz (d - n) 
+ ^H-^aD,rydH-'H^^ - H-'ab,rzfi 

- H-''ab,rzr^dH^, + ]^H-^aD,,JHrrHrz 
+ aH^^ (^-r^dsr + r^/zs^ + -aAj. — fJ,Z^ 

+ H-'aHr, (^—r^dH-'HrJr + r^H-'Hr,f^lr 
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1 

+ H-^aD^rr {-d + - -H-'^aD^^ydHl^ 
+ H-^abzrzr^dHrrHrz - ^R-^aD^^JH^, 
+ H~^a i-r'^dHrzSr — r'^Hrzpi'Sr — -^^aArHr 
-ydH^rSz + r'HrrHSz + r^HrzHZr 

+ ^aA^Hrr - HrrlJiZA - (3'' B/ 



r{B/)^-r^$rB 



z 

z 



(Xrr) — aDrrr^H.^ + H ^aDrzzfHrr + H ^aDzrrfHrz 

— 2H~^aiDzrzfHrr + Ctr {r^Sr + Ar — — Xrrf$^ 

^ iXrz) = H-^abrzzr^Hrz + aD^^rH'^ 

^'^ {Xzz) = H'^abrzzrH^^ - H~^aD^^^rHrz - Xzzrp'' 



+ 2H-^abzrz + OiH-^ (-ir + 2Zr^ 

+ H-^ar'^Hrz {r^H^'HrzIr - s.) - r^(3-Y 
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r (E^) = 2H-^arHrzZ'^ - r/3^E^ + (Vh^ ^ arBf 

r {B'^) = -r^P^B^ + (yW^ ~^ a (r^E^Hrz + E'H,^ 
r {9) = H-'aDrrrrH-'H,, + H-'aDr,,r - H-'aD^rrvH-'H, 

- r^s, + Z,) - r/3^e 

+ a (r'^Y -9^- H-^ar^XrzHrz - r^P'^Zr 
P (Z^) = H'^aXzzrHrz - H'^arXrzHzz - rp'^Z^ 
p [Z'^) = -]-arE^ - rP'-Z'^ 

B.2 Fluxes in the z direction 

P [Err) = 
P (Hrz) = 
P = 



P (s) = 
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:F' (a) = 

:f' ip') = 

iP') = 

•F {Drzz) DyzzT(5 

[Pzrr) — OLXrr ~ '^OiT^ (^B/ Hyy + B/Hy^ — D^yy^' 

r {D,r,) = ar {-r^B/Hrz - B/H,, 

Bz Hyr Bz Hyz ~l~ Xrz^ Bzrz^P 

P (Dzzz) = axzz - 2a (r^Bz'-Hyz + Bz'Hzz) - DzzzP^ 

P {Sz) = OLT (2By' + 2Br'H-^Hrz + ^) " ^P'Sz 

{Ay) = -rAy(5' 

P {Az) = 2aXrrfH-' + H-'aXryfH-'Hl + R-^aXzzfHyy 
+ af (r^y - me) - 2H-W^XrzfHrz - Az(3' 
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(B/) = -rf3'B/ 
(B/) = H-'aDrrrrH-'H,. {-d + ^l) 

+ H ^aD^rrrH^^Hrz {d — jj) 

+ ^H~^aDzrydH~^H^^ - H-^ab^rzrn 

- H-^ab,rzr^dH^, + ^H-^aD,,,rdHrrHrz 

+ arH~j} ^—-r^dsr + r^jiSr + -aAr — jiZ^ 

+ H-^arHrz (^—r^dH-^HrX + r*H;^^Hr,iiK 
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(5/) = H-^ab„yH;^H.,, {d - fi) 



2 

+ H-^aD^rr {-d + - ^H-^aD^rrr^dH^^ 

+ H-^ab.rzT^dHrrHrz ' ^H-^aD,,dH'„ 

_ /I . . . . 1 . . 
+ H~^a i-^^dHrzSr — r^HrzlJ^Sr — -r^aArHr 

-ydHrrSz + r^H^rHSz + r'HrzHZ, 

+ -aAzHrr — Hrr^Zz j — P^B/ 



iXrz) = -\H-^ab„yH„^Hl, - H-^abrrzT^Hrz 

+ -H~^abrzzfHrr + H~^aDzrrfHrz 



{Xzz) = -2aDrrzr'H-^ - 2H-^aDrrzr^H-'H^^ 
+ H-^abrzzT^Hrz + 2aDz„H~^ 
+ H-^aD,ryH-^Hl^ + a ^s, + ^ - 2Z,) - Xzzl^' 

P {E") = 2H-'^arHrzZ'^ - r(3^W - (Vh^ ^ arBf 
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JF^ (B'P) = -r(5'B^ - (yil^ ^ ar (^E^H^r + E'Hr,^ 

P (9) = -H-^aDrryH-^Hr^ - H'^aDrrzr'^ + 2H-^aD^rr 

+ H-^a [-r^HrzK + r'^HrrS^ + r^HrzZr - HrrZ^ - f3'e 

[Zj) = H~^aXrr^Hrz — H~^arXrzHrr — rP^Zr 

+ a (r^y - ^) - H-'ar-'xrzHrz - P'Z, 
P{Z^) = --aE' -(3'Z^ 

B.3 Sources 

S {Hrr) = -2aXrr + "^Ocr"^ (b/ Hrr + B/Hr^ 
+ 2brryp^ + 2Dzrrl3^ + 2P^Hrr 

S {Hrz) = 2a;r {r'^B/Hrz + B/H^z + B/Hrr + B/Hj-z — Xrz^ 
+ 2brrzr^p^ + 2D,rzrp' + 2rp^Hrz 

S (H,,) = -2axzz + 4a (r^B/Hrz + B/H,,^ + 2Drzzr^pr + 2L>,,,/3^ 
S (s) = ar {-2h/ - 2B/H-^Hrz - + r (r^p^lr + 2(3^s + 

S {a) = —2a^XrrfH~j} — H~^a^XryfH~^H^^ 

- H-^a\zzfHrr + o?f {-r^Y + mO) 
+ 2H-'ayXrzfHrz + a (r^AJ- + 
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S = 2H-'a^b,,,rH-^H,, (d - /x) 

- 2H-^a^brrzr'^dH-^Hr, - 2H-^a'brrzr^dH-^H^^ 
+ H-^a^brzzr {d - 2/i) + H'^a'^brzzr^dH^^ 

+ 2H-^a^D,rrrH-^Hrz {-d + //) 

- H-'^a^D^„r^dH-^Hl^ + 2H-^a^b,r,rii 

+ 2H^^a^b,rzr^dH^^ - H-^a^D^.^rdHrrHrz 

+ a^rH~j} (^r^dsr — 2r^fj,Sr — aA^ + 2ds — Ajis + 2fj,Zr^ 

+ H-^a'^rHrz (r^dR-^H^zSr - 2r^H-'Hrzl^lr 

- r'^aArH'^Hrz + 2r'^dH~^HrzS - r'^ds^ 

- Ar'^H-^Hrzlis + 2r^H-^Hrzl^Zr 

+ 2rVs^ + aAz - dH^^^Hrz - '^■l^Z^ 

- H-Wr^dH-^H^^ + 2ar (r'^p-B/ + p'B/^ + r(3^^ 

S {f3') = 2H-^a'brryH-^Hrz i-d + 

- H-^a^brrrT^dH-^H^^ + 2H-' brrzT^ 

+ 2H-^a^brrzr^dHl^ - H'^a'^br^.r^dHrrHrz 
+ 2H-^a^Dzrr {d - 2fj,) + H-'^a'^D^rrr'^dH^^ 

- 2H-^a^b,rzr^dHrrHrz + H-^a^D,,,dH^^ 

+ H''^a^ (^—r^dHrzSr + 2r'^HrzlJ'Sr + r^aArHrz + r^dHrrSz 

— 2r^dHrzS — 2r'^HrrfJ'Sz + ir'^HrzfJ'S — 2r^Hrzl^Zr 

— aAzH„ — dHfz + 2HryjjiZz + 2>Hrzl^ 
+ H-''a\''dHl + 2a (r^/3-B/ + P'B/^ 

S (Drrr) = -2abrrrrB/ + 2aDzrrrB/ + 2arB/Hrr + 2brrrrP'' 
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S (^Drrz) = -2aDrrzrB/ + 2aD,rzrB/ + 2arB/Hr, + 2Drrzrf3'- 

S (Drzz) = -'^oiDrzzrB/ + 2aDzzzrB/ 

S {D,rr) = 2aDrryB/ - 2aDz„r'^B/ + 2aB/H„ + D^^p"- 

S (D^rz) = 2aDrrzr^B/ - 2ab,rzr^B/ + 2arB/Hr, 

S {D,,,) = 2aDrzzr'B/ - 2aD,,,r^B/ - D^.J- 

S (sr) = 2ar (2B/s + B/s, - B/§r^ + 2rf3'-§r 

S (s,) - 2ar (^-r^B/s^ + r^B/§r + 2B/s^ 

S (Ar) = 2ar (^-ArB/ + A^B/^ 

S {A,) = 2ar^ (aS/ - aJ/^ - A J- 
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S (5/) = 2aXrrrB/fH-' 

+ H~^aDrrrrH~^H^^ (^Ard - ArU - 2ds + ifiSj 

+ R-^abrrzrH-^Hrz (-r'^Ard + Ar'^ds - Sr^fis - 2d^ 
+ H-^aDrrzr^H-^H^^ (^-r^Ard + Ar^ds - Sr^^is - 6d) 

- AH-^abrrzT^dH-^Hl^ + H-^abrzzvAr {^d - i^j 

+ 2H-^abrzzr^dH^^ + //-^aD^^^ri^//"^^^^ {-d + n) 

- ^H-^aD^rrr^ArdH~^H^^ + H'^aD^rzrArii 

+ E'"^ ab ^r^r" A^dEl, - -H~'^aD^^^rArdHrrHrz 

2 

+ ar (\^ArdH-'lr - r^i^i/" Vi + r^B/fY 

- ^aAlH-^ + 2ArdH;,^s - AArH'^^s 
+ Ai/- - 2Br^B^^ - B/fme 
+ 2B/B/ + dH-% - 2//-Vi) 
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— -r^ArdSz — Ar^ Ay.H~^ H^zl^s 

+ r^ArH-^Hr.iiZr + r^i./is^ - 2r^B/Xrzf 

+ r^dH-^HrJr - 2r^H-^Hr;,f^Sr 

+ —clAj^A.^ — Aj^dH^^ H^^ — Aj-fiZ^ 

+ H-^arH-^H^^ (^-r^Ard + 2r^ds - Ar^/is - 2d^ 
- 2H-^ar^dH-^H^^ + 2rl3^B/ 
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' rr 



S (B/) = 2aXrrrB/fH; 

+ H-^aXryS/fH-^Hl^ + H-'ax,,rB/fHrr 

+ 2r'^ds - ir^fis + d - 3^i) 
+H-'^aDrrrr^H-^H^^ (-^r'^Ard + 2r^ds - ir^fis - d - 3^ 



- 2H-^aD,,ydH-^H^^ 

+ H'^aDrrzT (^r'^AriJ, - 2r^ds + Ar'^iis -d + S/ij 
+ H'^aDrrzr^H^^ (r^Ard - Ar^ds + Sr^fis + d + 6//) 

+ m-^abrrzr^dH^^ 

+H~^aDrzz''^HrrHrz ^— ^^^^r^ + '^T^^ds — 4r^ /IS + d — 3/1 

- 2H-^aDrzzr^dHrrHrz + H-^aD,rrrAr {d - 2ii) 

+ ]-H~'^aD^rrr^ArdHl^ - H~'^aD zrz^^ KdHrrH^z 

+ -H-'^aD,zzrArdH^^ + arlB/f (r'^Y - m^) 
1 ^ ^ ^ 

+ -r'ArdHrrSz - 2t^ ArdH^zS - T^ArHrrf^Sz 
+ ArHrr/J-Zz + 3Aj.Hy.zlJi — 2dHrzS + AHrz/J'S^ 

+H-^arH^z (r^Ard - 2r^ds + Ar^/is + 3iij +2H-^ar^dH^ 



5 

rz 
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S (5/) = 2axrrr B/fH;; + H-'aXryB/fH^'Hl 



+ H-^aXzzvB/fHrr + H-^abrrrrA,H-^H,, {d - n) 

1 

2' 



+ ^H-''aDrryA,dH-'Hl,H,, 



+ H-^aDr,,rA, - //^ + ^H-^aDr,yAJH\ 
+ H-^aD^rrrH~^ [-AJHr^ + A^H^zH 



2 

rz 



2dH,,s + m,,ixs) 
1 

— ? 
2 

+ 4r^H,,fis + 2dH,,) 



+ H-'^aD,rrrH;^^Hl^ ( -^^A^dH^, - 2r^dH,,s 



+ 2H-'aD,rydH-^H^^H,, 



+ A,i^ - 2dH-^Hr)j 

+ A,d - MH;^^Hrz) 



AH-^aD,rzr''dH;;H^^ 



1 



+ H ^aDzzzfHrz ( —2r^dHrzS + Ar^Hrzl^s — -AzdHr 



+ dHrz) + 2H-^aDzzzr^dH^ 



- -aArA^H'^ + 2AzdH~^s - AAzH~^iis 

+ AzH-^i^Zr - B/fme + dH-^Sz - 2//" Vs.) 
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+H-^arHrz (^r^A.dR-^HrJr - r^A.H-^Hr./ilr 

- hr'^aArA.H-^Hrz + 2r'^ A,dH;^^ H^^s 

- ^r^A.ds, - Ar'^A.H-^Hr.iis 

+ r'^A^H-^Hrzl^Zr + r'^A.iis, - 2r^B/xrJ 

+ laAl- A,dH~^Hr, - A.iiZ,^ 
- H-^ar^A,dH-'H^^ 
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S (5/) = 2aXrrB-/fH-^ + H-^aXryS/fH-^Hl 



+ H-^aXzzB/fHrr + H-^ab„yA,H-^H,, {-d + fi) 

- ]-H-'^abrrrr^A,dH-^Hl^ + H-'^abrrzr'^A.ii 

i ^ 1 ^ 

+ H~'^aDrrzr'^A^dHl^ R-'^aD^^^r'^ A^dHrrHr^ 

2 

+ H-^aD,rr (2r'^dH-^Hr,s - Ar^H'^Hr^iis + A,d 

+ 2^zd — dH~j}Hrz — 3H~^HrzlJ^ 

- 2H-^aD,rydH-'H^^ 

+ H~^abzrz {-2r^ds + Ar^/is -d + 3ii) 
+H~^abzrzr'^Hrz (^-^r'^dHrzS + Sr^HrzlJ'S - AzdHrr + dHr 
+ ^Hrzlj) + ^H-^abzrzT^dH', 



r4 

"rz 



+ H ^aDzzzHrr ( 2r^dHrzS — Ar^HyzjJiS + -AzdHrr + dHr 



r3 

"rz 



- ZHrzl^ - 2H-^aDzzzr^dHrrH^ 
+ a [-2r''B/Bz' + 2r^Br'B/ + r^Bz'fY - B/fm9^ 

+ H-^a (^-Ir^AzdHrzIr + r'AzHrz^^lr + ^T^aArAHrz 

+ -T^AzdHrrSz - 2r'AzdHrzS - T^AzHrrlih 



+ Ar'^A.HrzHS - r^A.Hrzl^Zr - 2r'^B/xrzfHr 

1 

2' 



— r^dHrzSz + '^'i^^HrzfJ^Sz — -aAlH^r 



+ H-^ar^AzdH^^ - (3^B/ 
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^2 2" 2 

+ axrr (2r^B/ + r^Y - 2B/ - 29^ 



4^2 2^ 2 ^ 

+ ab„rH-^ {^r% + 2r'^Ar - 2r'^s - 2r^Z^ - 

+ 2r^H-^HrzS - 2r^H-^HrzZr 
- r^s, - 2A, + 2Z,) 

+ 4:H~^aDrrzDzry + 4:H~^aDrrzDzryH^z 

- AH-^abrrzDzrzr*HrrHrz " 2H-''abrrzD 

+ 2H~^aDrrzf^ (^—I^^HrzSr — T^ArHrz + T^HrrSz — 2r^HrzS 

+ 2r'Hr,Zr + A, 

- H-^aD^r^H^^ - 3H-^aDr,,D,ryHrrHrz 

+ 4:H-^aDrzzDzrzr^H^r + H-^aDrzzT^ArHrr 

+ H-^aDrzzV^HrrHrz " H-''aDiyH^, 
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- 2H-^ab,,yH,rHl, - H-^aD,,,HlHr, 

+ E^E^HrrHrz + -E^^H^^ 

+ 4r'^B/Xrz - 'ir^s'^ - "ir^Sr - 

+ r^H„HrzSz - "^r^H^zS + 2r^H^.X 

+ A^Hj-rHj-z — 2HrrHrzZz — ) Xrr$^ 
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+ 2H~^aXrrXzzrHrz + 2aXrrrBz'' 
- H-^aXryXrzH-^H^^ + 2aXzzrBr' 



H ^Xzz'^XrzHrr 2H OlDrrrDrzz^ ^rr ^rz 

H-^aDrrrDrzzr^HZ^Ht 



+ H-^abrrrDzryH„^Hl^ 



- 2H-^aDrrrDzrzr'H-'H^^ 

+ 3H-^aDrrrDzzzr^H^z " aDrrrr^H-^Sz 



^H-^abrryAzH-^Hl^ + 2H-^abrrzbrzzr^ 



2 

+ 2H-''ab„zbrzzr^Hl + m-^ab„zDzry Hz} H, 



rrz-^ rzz' ^-^rz ' uxj-^rr^-^zrr' ^--^.f-f ^^rz 

+ AH-^ab„zDzrrr^H-^Hl^ - AR-^abrrzDzrzr^ 

AH (xD^rzDzrz^ rz 2H OtD^yzD zzz^ Hj-j-Hj-z 

- H~^abrrzr^AzHrz - H~^abl^,r^HrrHrz 

+ H'^abrzzDzrr^ - 2,H~'^abrzzD zTr^^ 

I H ^ ^ ^If* H f^y* H ^ 

+ H~^abrzz^ (^—t^^HrzSr + r'^HrrSz — 2r^HrzS 
2 - - 3 

+ H-^abrzzr'H'rz - 2H-'aDl^rH-'Hrz 

- H-^aDl,r^H-'H^^ + 2H-'aDzrrbzrzr 

-\- 2H CuD zrr-D zrz^' H,^,^ H OlD zrrD zzz^ H^rH^z 

+ 2aDzrrrH-^ (^Ar - Zr^ 
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+H-^aD,rrrHrz (^r^H-^HrJr + ^r^ArH-^Hr, 

- r^h + 2if-/if,, + 2Z^ 

- ^H-^aD,,,rArHrr - 2H-^aD,,,rHrrHr, 

+ ErE'HrrHrz + \E''Hrz^ 

+ ar [-r%s. + ^r^As. + ^t^AX + r'xrzY 
- 2r^ss^ - A^Z^ - A^Zr - 2xrzd - 2sJ 
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/I - 1 1 

S iXzz) = KaHH~^ i -r^HrrT - -HrrpK - -HrrCT + Sr 



2' 



„2 rj"— 1 fj Q _\_ TT—2 7t2 c 



+ \Sz^ + '^OiXrrXzzH;^^ 

+ H~'^OiXrrXzzr'^H~^Hl^ - H'^axlzHrr 

+ ax,, (^-2r'B/ + r^Y + 2B/ - 2^) +2H-'ax,,r^XrzHr 

- 2aDrrrDrzzr'^H-^ - SH-^aDrrrDrzzr^H'^H^^ 



- H-'aDrrrDrzzT^H-'H'^^ 

- 2H-'aDrrrD,rzr'H-^H'rz 

- 2H-''aDrrrDzrzr'H-^H^^ 
+ 2H-^aDrrrD,,yH-^Hrz 
+ ?,H-^abrrrD,,,r^H-^Hl 
+ 2H-'abrrzDrzzr'H-'Hrz 
+ 2H-^abrr,Drzzr''H-^Hl^ 



'±11 LkUyy^.l-' zrz' ^rr rz 

- AH--'ab„zDzrzr^H-^Hl, - AH-^ab„zDzzzr'' 

- 2H-^abrrzDzzzr'Hl - 2ab„zr^AzH-^ 

- 2H-^abrrzr^A,H-^Hl^ + R-^abl^ 

- H-'^abl^^r^Hl - 2H-'abrzzDzryH„'Hr, 

- 3H-^abrzzDzryH-'H^^ 
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+ 2r^H-^Hr,Zr + r^s, + 2A, - 2Z,^ 



zrr rr rz zrr rr rz 

+ 2H-^aD,rrDzrzr'H-'H^^ 

+ 2H-^aD,rrDzzz - H-^aD,rrDzzzr^H^z 
+ 2aD,rrH-' {-r^s, + A,) + H~'aD,,yA,H-'H, 
+ 2aD,rzH-^ {r^Sr + r^i, + 2r^s - 2r^Zr + 2^ 
+ 2H-^ab,rzr^Hrz (r^H-^HrzK + r^ArH'^Hrz 



2 



+ 2r^H;^^HrzS - 2r^H„'HrzZr 
- rH, -A, + 3H-'Hrz + 2z)j 



+ 2H-^aD,rzr^H-^H^, 

+ H~^aDzzz (^—r'^HrzSr — 2r^ArHrz + r'^HrrSz — 2r^HrzS 

+ ae'^\'H'^,(^~B^'+lEr'H^^ 

+ E-E'Hrz + \e'^H-^HI 

+ a [-vHl + rM,s, + 4r'S/xr-. - '^r^xlzH-' 
- 2A,Z,) - 2H-^ar^xl,H;;Hl^ - XzzP"- 
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S (Y) = -Karf + 2H-^axlrrH„^Hl, 

+ H-^aXrrrH-^Hr, (r^HrzY - 4Xrz) 

+ H-^aXzzrH„Y - AH-^aD^yH-^H^, 

- H-^aD^^r'H-'H^^ + 4H-'aDrrrDrrzr'H-^Hrz 

+ 2H-'^aDrrrDrrzr^H-^H^^ + AH-'^abrrrD,rrrH;^Hrz 
+ 2H-^abrrrDzryH-^H^^ - 2H-^ aDrrvD zzzTHtz 
+ H~^abrrrfH~^Hrz (^—^r'^Hrz^r — T^ArHrz + ^T^Hj-rSz 
- 2r^HrzS + Ar'^HrzZr 
+ 2AzHj,j, — AH„Zz) 



+ H-^aDrryH-^Hl^ [-r^HrzSr + r'^HrrSz 

+ 2r'^HrzS + 2Hr 

- 6H-^abrrzDzryH-^H^^ 

+ 4if" aDrrzDzrzT 

+ 2H-^a£)rrzr (2r^H-^Hrzlr + r^ArH-^Hrz 

- 2r^H-'HrzZr - T^h -A, + 2Z,) 
+ 2H-^abrrzr^Hl^ (r^R-^HrzK - 2r^H-^HrzS 

- r^Sz - H-'Hrz) 
+ H-^abl^^rH„ + 4.H-^abrzzDzrrrHrz 

— AH~^abj.zzbzrzfHrr + H~^aby.zzr ^— r^Sr — Aj. — 2s^ 

+ H~'^abrzzr^Hrz [—r^HrzSr + HrrSz + 2HrzS^ 

+ 2H-^aD,rrr (r^H-^HrzK - ArH'^Hrz - Sz) 
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+H-^aDzrrrHlz (r^H-^HrJr - 2r^H-'HrJ - r^s, 

- AH-^Hrz) + 2H-^ab,rzr (ir- + 2s) 
+ 2H~'^abzrzrHrz [-r'^HrzK + r'^H^Sz + 2r^^^^s + 2Hr^ 
+H~^aDzzzrHrr [r'^HrzK - H„Sz - 2Hrz^~ae^''^'^HrE'''^ 
+ ae^'^'r^ [b'p'^ Hrr - E^^H^^ - 2E^E^HrrHrz - E'^H^z) 
+ ar (^-r^ArH-^lr - 2r^B/Y + 2r^H;^%Zr 
+ r^Y^ - 2ArH-H + 2ArH-^Zr 
- 4B/XrzH-' - 25/F + 4H-'sZr - 29Y^ 
+ H-^ar (^-r'^H-^H^Jl - 4r*H-^H^jlr 
+ 2r^H-^Hl^KZr + 2r^HrzKsz 

- 2r^ArH-^H^J - 2r^XrzHrzY - r^Hrrsl 

- Ar^H-'^Hl^f + 4r^H-^H^JZr 

- Sr^H-^H^Jr + ^r'^HrzSSz - 2r^Hrz§rZz 

- 2r^HrzSzZr + 2AzHrzS + 2xlz + 2HrrSzZz 

- 6H-'H^J - AHrzSZz + AHrzSz) 
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S (E") = -2KarH-^Sr + 2H-^KarHr, (^-r^H'^HrJr + S,^ 
+ AaXrrrE^H-' + R-^ axr^ E' R-^ H^^ 
+ H-^aXzzrE^Hrr + AH-^abrrrrH-^H,,Z'^ 

- %H-^abrrzr^H-^HrzZ^ - m-^abrrzT^H-^Hl^Z^ 
+ AH-^aDrzzr^H^,Z'^ - AH-^aD.rrrH-^HrzZ^ 

- AH-^aD.rrr^H-'H^^Z'^ + iH-'aD.rzrZ"^ 

+ SH-^ab.rzr^H^^Z'^ - AH-'^aD,,,rH„HrzZ'^ 
+ ar (^-Ar^B/E^ + Sr^E^Y - 2ArH;^^Z'P 

- 2B/E' - 2B/E^ - 2E^e^ 
+ 2H-'arHrz (-r'^ArH-^HrzZ'^ - r'xrzE^ 
+ - 2H-^HrzZ^'^ 

- AH-^ar^H-^H^^Z'^ - 2r^^E^ 
+ 4 {yH^ ~' aD^rrrB^H-^ 

- 2H-^ (yW^ ^ aD,rzr^BfHrz 

+H-^ (^/h) ^ aD^^^rB'PHrr+f^) ^ arB^ {3r^s, - 2Z,) 
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+ H-^aXryE'H-^Hl^ + R-^ax.zE'Hrr 

- AH-^aDrrrr''H-^Hr,Z'^ - m-'^aDrrrT^H-^Hl^Z'^ 
+ m-^abrrzr'^Z'^ + SH-^abrrzr^H^^Z"^ 

- AH-^abr^yHrrHr,Z'^ + AH'^aD^ry H^^Z'^ 

- 8H-^aD,rzr^HrrHr^Z'^ + AH-^aD,,,H^^Z'^ 

+ a (^-2r'^B/E' - 2r^B/E^ + Sr^E'Y - AB/E' - 2E'e^ 
+ 2H-^a (r^ArHrzZ'^ - r'^jCrzE^H^z - A^H^rZ'^ + HrzZ"^^ 
+ iH-^ar^H^^Z'P - ^-^E' - 4 (yif^ ^ aDrryB^H'^ 

+2H-^ ^ abrrzr^B^Hrz-H-^ (yil) ^ abrzzr'^B^H, 

+ [^/itj ^ aBf (^-3r% - 6r^s + 2r^Z^ - 3^ 
+ H-^ (Vh^ ^ ar^B^Hl^ 
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S {B^) = H-'aXrrvB^H,, + H-^ax,.rB^Hrr 

- 2arB'P [r'^B/ + B/^ - 2H-^ar^B^XrzHrz 

- rP'-B'P - H-^ (Vh^ ^ abrrrvH,, (r^E^Hrz + E^H,^ 
+ 2H-^ (Vh^ ~' abrrzT^Hr, (v'^E^Hrz + E'H,)j 

- (yW^ ^ aDrzzvE^ 

- H-^ (Vh^ ^ aDrzzr^Hrz (s^Hrr + E^Hr^ 
+ (yitj \D,rrrE^ 

+ (Vh^ ~' aD,„rHrz (r'^E^Hr, + E'H,^ 

- 2H-^ {yH^ ^ aD^rzT^Hrz (^E^Hrr + E^Hr^ 
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S (6) = —Ka (pk + ct) + aXrrH„ + H ax^^ H^^ H^^ 
+ 2H-^aXrrXzz + aXrvH-^ (t^Y - 29) 
+ H-^aXryn-^Hr, (r'^Hr^Y - 2Xrz - HrzO) 
+ H-'aXzzHrr (r^Y - ^) - 2H-'aD^,,yH-^H,, 

- H-'^aDiyH-^Hl^H,, + 2H-^aDrrrt>rrzr^H-^Hr, 
+ 2H-'^aDrrrDrrzr^H-^H^^ - 2H-^abrrrDrzzr^H„^ 

- 2H-^abrrrDrzzr^H-^Hl^ 

+ 4:H-^abrrrD,ryH-^Hrz + 2H-'^abrrrD ^.r^H-^ H^^ 

- 2H-^abrrrb,rzr^H-'Hl + 2H-''abrrrD,,yHr. 

+ abrrrH-^ (^-3r^§r + r'^A^ - 2r^s + 2r^Zr - Ij 



+ H-^abrr^H-^H^^ (^-r'^HrX + r'^HrrSz + 2T'^HrzS 



+ 2H~'^abrrzbrzzr^Hr 



+ 2H-'ab,.r,D,,.yH-' - m-''abrryzrzr "Hr 

+ H-^abrrzT^ (2r*H-^Hrz§r - yR-^HrzS 



+ 2H-^abrrzr*Hrz (r^H-'HrzIr - 2r^H-^HrzS 

— H„^Hrz + Z, 
- H-^ab^yHrr + 2H-^abrzzbzrzr^Hrr 

+ H-^abrzz (-r^Sr + r'^A - '^r'^s + r'^Z^ - Ij 
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270 



+ r Hj-zZr — HfyZz + IHfz^ 

+ H-^aDzrr (sr^H-^HrzK - r'^ArH-^Hrz 
+ 2r^H-^HrzS - 2r^H-^HrzZr 
- 3r^Sz + 2Az + H-^Hrz + 2Z,) 

+ H-^aDzrynl, (^r^H-'Hrz§r - 2r''H-'HrzS 

— r^H^^Hj-zZ^ — r'^Sz 

— 2H~^Hrz + Z^ 
+ H-^aDzrz {-r'^A + Ar^s + 3^ 

+ 2H~^at)zrzf^Hrz {^T^H^z^r + r^H„Sz + 2r^HrzS 

+ HrrZz - 2Hr^ - ^ae^'''' Hr'^ E'^ 

- \e''hi)i 

+ a (^-r^H-^§l + r^ArH-% - ^r^H;,HK 
+ r^H-^lrZr - 2r^ArH-^Zr - 2r^B/e 

- 4r^H-^s^ + 2r^H-'sZr - 4.r^H-% 

- r^eY - 2Bz'e - 6H-^s + R-^Z^^ 



APPENDIX B. REGULARIZED CONSERVATION FORM 

+ 2r''HrXsz - 2r^ArH-^H^^Zr - r^A^H, 

— r'^AzHj-zSr — '^r'^XrzHrzY — r'^HrrrsI 

— ?>r'^H~^Hl^Sr + Ar^HrzSSz — r^HrzSrZz 

+ 2r''AzHrzZr - r^xlz + '^r^XrzHrzO 
+ r'^HrrSzZz - 8r^H-^H^J - 2r^HrzsZz 
+ Ar'^HrzSz - 2AzHrrZz - H~^Hl^ - HrzZz 
+ H-'ar-'H^^ (r^R-^HrzK - 2r''H-^HrzS 
— t^H^^HtzZt — r'^Sz 

-H-^Hrz + Zz) -pre 
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+ H'^aXrrDrzzr - 2H'^aXrrDzrrrH~^Hr^ 

- H-^aXrrDzrrr^H;^^Hl, + 2H-^aXrrDzrzr^H^z 

- H~'^aXrrDzzzrHrrHrz + aXrrTH'^ (Ar - 2Z^ 



+ A, + H-'Hrz + 2Z,^ 

- H~'^aXzzDrrrr^Hrz + 2H~'^ aXzzDrrzr'^ HrrHrz 

- H-^aXzzDrzzrH^r + H'^aXzzrArHrr 
+ H-^aXzzrHrrHrz - aDrrrr^H-^Y 

+ H-^aDrrrr'XrzH-^H^, - 2H-^ aDrrzT^Xrz 

- 2H~'^aDrrzr^XrzH^z + H~'^OlDrzzr^XrzHrrHrz 

+ 2H-^aDzrrrXrz + H-'^OiD^ryXrzHl^ 

- 2H~'^aDzrzr^XrzHrrHrz + H'^aDzzzrXrzH^^. 

+ ar (^-r^l^f + r^ArY - 2r^sY - 2Ar9 

+ 2B/Zz - 2Bz'Zr - y) 
+ H~^arXrz {^^^Hj-zSr — r^ArHrz + r^HrrSz — 2r^HrzS 



- 2Hrz) - H-^ar^XrzH, 



3 

rz 
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- 2H-'aXrrD,ryH-^H^^ - H-^aXrrD^rrr'H-^HX 
+ 2H-^aXrrDzrzr''H-^Hr, + 2H-^aXrrDzrzr^H-'H^^ 

- H-^aXrvDzzzT^Hrz + OiXrvH'^ (-r's. + 2A,) 

+ H-^aXryA,H-^Hl^ - 2i/-iax..4r.r'^-/4. 

- H-''aXzzDrryH-^Hl, + 2H-^aXzzDrrzr^H^, 

H OiXzz-DrzzI" HrrHrz ~l~ 2H OiXzzD zrr 
+ H~^aXzz (^-r^HrzSr + r^ArHrz + r^HrrSz — 2r^HrzS 

+ H-^aXzzT^H^z + 2abrryXrzH-^ 
+ 3H-'aDrryXrzH-^H^, 

+ H-^aDrrrr'xrzH-'H^, - 2H-'abrrzr'xrzH-'Hrz 

- 2H-^a£)rrzr''xrzH-'H^, + H-^aDrzzr''Xrz 
+ H-^abrzzT^zHlz - aD,ryH-'Y 

+ H-^aD,ryXrzH-'H^, - 2H-'ab,rzr^Xrz 

- 2H~^ab^rzr'^XrzH^z + H'~'^OiD^^yXrzHrrHrz 
-\- Ct Xrz^rr ^ ^z'^ ^ -^rSirzHj.^ 

+ r'A.y - 2r^B/Z, + 2r^B/Zr + 2r^XrzH-^s 
- 2r^XrzH-'Zr - 2A,e + XrzH;,^) 
+ H-^ar^XrzHrz {r^R-^H^X - r'A^H-'Hrz 
+ 2r''H-'HrzS - 2r''H-'HrzZr 
- r^h -A, + 2Z,) 

- H-^ar%zH-'H^, - f3-Z, 
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S (Z^) = -KaJ'^ + 2abrrrr^E^H-^ + ^H-^aDrrrT^E-H-^H^^ 

- H-'^abrrzr^&Hrz + ^H'^abrzzr'^ E^ Hrr 
+ 2aD,rrE'H-' + ^H-'aD,ryE'H-'H^^^ 
-H-^ab..yE^H.. + lH-^aD...E^H.. 
+ a -r^E^Sr - -r^ArE^ - 2r^B/Z'^ + Sr^E^s 

- r^E'Zr + %^^E''s, - -A,E' - 23/ Z"" 
3 . \ 1 . . 



Bibliography 



[1] A.M. Abrahams and C.R. Evans. Critical Behaviour and Scahng 
in Vacuum Axisymmetric Gravitational Collapse. Phys. Rev. Lett, 
70(20):2980-2983, 1993. 

[2] A.M. Abrahams and C.R. Evans. Universality in axisymmetric vacuum 
collapse. Phys. Rev. D, 49(8): 3998-4003, 1994. 

[3] A.M. Abrahams, K.R. Heiderich, S.L. Shapiro, and S.A. Teukolsky. 
Vacuum initial data, singularities, and cosmic censorship. Phys. Rev. 

D, 46(6):2452-2463, 1992. 

[4] M. Alcubierre. Appearance of coordinate shocks in hyperbolic for- 
malisms of general relativity. Phys. Rev. D, 55(10):5981-5991, 1997. 

[5] M. Alcubierre. Hyperbolic slicings of spacetime: singularity avoidance 
and gauge shocks. Class. Quantum Grav., 20:607-623, 2003. 

[6] M. Alcubierre, G. Allen, B. Briigmann, G. Lanfermann, W. Seidel, W.- 

M. Suen, and M. Tobias. Gravitational collapse of gravitational waves 
in 3D numerical relativity Phys. Rev. D, 61(041501), 2000. 

[7] M. Alcubierre, S. Brandt, B. Briigmann, D. Holz, E. Seidel, R. Taka- 
hashi, and J. Thornburg. Symmetry without symmetry: Numerical 



275 



BIBLIOGRAPHY 



276 



simulation of axisymmetric systems using Cartesian grids. Int. J. Mod. 
Phys., 10(3):273-290, 2001. 

[8] M. Alcubierre and J. Masso. Pathologies of hyperbolic gauges in general 
relativity amd other field theories. Phys. Rev. D, 57(8):R4511-15, 1998. 

[9] P. Anninos, K. Camarda, J. Masso, E. Seidel, W.-M. Suen, and 
J. Towns. Three-dimensional numerical relativity: The evolution of 
black holes. Phys. Rev. D, 52(4):2059-2082, 1995. 

[10] W. Antweiler, A. Strotmann, and V. Winkelmann. Typesetting RE- 
DUCE output with TeX - A REDUCE-TeX-Interface. University of 
Cologne, Computer Centre, 1995. 

[11] D.N. Arnold, A. Mukherjee, and L. Pouly. Adaptive finite elements 
and colliding black holes. Preprint, arXiv::gr-qc, (9709038), 1997. 

[12] R. Arnowitt, S. Dcscr, and C. W. Misner. The dynamics of general 
relativity. In L. Witten, editor. Gravitation: an introduction to current 
research, chapter 7, pages 227-265. Wiley, 1962. 

[13] F. Banyuls, J.A. Font, J.M. Ibanez, J.M. Marti, and J.A. Miralles. Nu- 
merical 3-1-1 general relativistic hydrodynamics: A local characteristic 
approach. Astrophys. J., 476:221-231, 1997. 

[14] A. Barnes. Numerical Relativistic Hydrodynamics in Planar and Ax- 
isymmetric Spacetimes. PhD thesis. University of Cambridge, August 
2004. 

[15] A.P. Barnes, P.G. Lefloch, B.C. Schmidt, and J.M. Stewart. The 
Glimm scheme for perfect fluids on plane-symmetric Gowdy space- 
times. Class. Quantum Grav., 21:5043-5074, 2004. 



BIBLIOGRAPHY 



277 



[16] T. W. Baumgarte and S. Shapiro. Numerical integration of Einstein's 
field equations. Phys. Rev. D, 59(024007), 1998. 

[17] M. Berger and I. Rigoutsos. An Algorithm for Point Clustering and 

Grid Generation. IEEE Transactions on Systems, Man, and Cybernet- 
ics, 21(5):1278-1286, 1991. 

[18] M.J. Berger and P. Colella. Local Adaptive Mesh Refinement for Shock 
Hydrodynamics. J. Comp. Phys, 82:64-84, 1988. 

[19] M.J. Berger and J. Oliger. Adaptive mesh refinement for hyperbolic 
partial differential equations. J. Comput. Phys., 53:484-512, 1984. 

[20] G.D. Birkhoff. Relativity and Modern Physics. Harvard University 
Press, 1923. 

[21] J. Bicak and B.G. Schmidt. Isometrics compatible with gravitational 
radiation. J. Math. Phys., 25(3):606-606, 1984. 

[22] J. Bicak and B.G. Schmidt. Asymptotically flat radiative space-times 
with boost-rotation symmetry. Phys. Rev. D, 40:1827-1853, 1989. 

[23] G. Bona, T. Ledvinka, G. Palenzuela, and M. Zacek. General-covariant 
evolution formalism for numerical relativity. Phys. Rev. D, 67(104005), 
2003. 

[24] G. Bona, T. Ledvinka, G. Palenzuela, and M. Zacek. A symmetry- 
breaking mechanism for the Z4 general-covariant evolution system. 
Phys. Rev. D, 69(064036), 2004. 

[25] G. Bona, T. Ledvinka, G. Palenzuela-Luque, and M. Zacek. Gonstraint- 
preserving boundary conditions in the Z4 numerical relativity formal- 
ism. Class. Quantum Grav., 22(13):2615-2633, 2005. 



BIBLIOGRAPHY 



278 



[26] C. Bona and J. Masso. Harmonic synchronizations of spacetime. Phys. 
Rev. D, 38(8):2419-2422, 1988. 

[27] C. Bona and C. Palenzuela. Dynamical shift conditions for the Z4 and 
BSSN formaUsms. Phys. Rev. D, 69(104003), 2004. 

[28] H. Bondi, M.G.J, van der Burg, and A.W.K Metzner. Gravitational 
Waves in General Relativity: VII. Waves from Axi-Symmetric Isolated 
Systems. Proc. R. Soc. London A, 269:21-52, 1962. 

[29] J.H. Bramble, J.E. Pasciak, and J. Xu. The Analysis of Multigrid 

Algorithms for Nonsymmetric and Indefinite Problems. Math. Comp., 
51(184):289-414, 1988. 

[30] A. Brandt. Multilevel adaptive solutions to boundary value problems. 
Math. Comput, 31:333-390, 1977. 

[31] W. Briggs, V.E. Henson, and S.F. McCormick. A Multigrid Tutorial. 
SIAM, 1999. 

[32] D. Brill. On the Positive Definite Mass of the Bondi- Weber- Wheeler 
Time- Symmetric Gravitational Waves. Ann. Phys., 7:466-483, 1959. 

[33] O. Brodbeck, S. PritteUi, P. Hiibner, and O. A. Reula. Einstein's 
equations with asymptotically stable constraint propagation. J. Math. 

Phys., 40(2):909-923, 1999. 

[34] Y. Bruhat. Theoreme d'existence pour certaines systemes d'equations 
aux derivees partielles nonfineaires. Acta Math., 88:141-225, 1952. 

[35] W. L. Burke. Gravitational Radiation Damping of Slowly Moving Sys- 
tems Calculated Using Matched Asymptotic Expansions. J. Math. 

Phys., 12(3):401-418, 1971. 



BIBLIOGRAPHY 



279 



[36] J.C. Butcher. Numerical Methods for Ordinary Differential Equations. 
Wiley, 2003. 

[37] G. Calabrese, L. Lehner, and M. Tiglio. Constraint-preserving bound- 
ary conditions in numerical relativity. Phys. Rev. D, 65(104031), 2002. 

[38] G. Calabrese, J. PuUin, O. Sarbach, M. Tiglio, and O. Reula. Well 

posed constraint-preserving boundary conditions for the linearized Ein- 
stein equations. Comm. Math. Phys., 240:377-395, 2003. 

[39] S.J. Campbell and J. Wainwright. Algebraic computing and the 
Newman-Penrose formalism in general relativity. GRG, 8:987-1001, 
1977. 

[40] M.W. Choptuik. Universality and scaling in gravitational collapse of a 
massless scalar field. Phys. Rev. Lett, 70:9-12, 1993. 

[41] M.W. Choptuik, E.W. Hirschmann, S.L. Licbling, and F. Pretorius. 
An axisymmetric gravitational collapse code. Glass. Quantum Grav., 
20:1857-1878, 2003. 

[42] M.W. Choptuik, E.W. Hirschmann, S.L. Liebling, and F. Pretorius. 
Critical collapse of the massless scalar field in axisymmetry. Phys. 
Rev. D, 68(044007), 2003. 

[43] W. Davidson. Barotropic perfect fluid in steady cyhndrically symmetric 
rotation. Glass. Quantum Grav., 14:119-127, 1997. 

[44] T. De Bonder. La Gravifique Einsteinienne. Gauthier-Villars, Paris, 
1921. 



BIBLIOGRAPHY 



280 



[45] O. Dreyer, B. Krishnan, D. Shoemaker, and E. Schnetter. Introduction 
to isolated horizons in numerical relativity. Phys. Rev. D, 67(024018), 
2003. 

[46] D.M. Eardley and L. Smarr. Time functions in numerical relativity: 
Marginally bound dust collapse. Phys. Rev. D, 19:2239-2259, 1979. 

[47] H.C. Elman, O.G. Ernst, and D.P. O'Leary. A Multigrid Method En- 
hanced by Krylov Subspace Iteration for the Discrete Helmholtz Equa- 
tions. SIAM J. Sci. Comput, 23(4):1291-1315, 2001. 

[48] K. Eppley. Evolution of time-symmetric gravitational waves: Initial 
data and apparent horizons. Phys. Rev. D, 16(6):1909-1614, 1977. 

[49] K. Eppley. Pure gravitational waves. In L. Smarr, editor. Sources of 
Gravitational Radiation, pages 275-291. Cambridge University Press, 
1979. 

[50] F. Estabrook, H. Wahlquist, S. Christensen, B. DeWitt, L. Smarr, and 
E. Tsiang. Maximally slicing a black hole. Phys. Rev. D, 7(10):2814- 
2817, 1972. 

[51] C.R. Evans and J.S. Coleman. Critical Phenomena and Self-Similarity 
in the Gravitational Collapse of Radiation Fluid. Phys. Rev. Lett, 
72(12): 1782-1785, 1994. 

[52] L.C. Evans. Partial Differential Equations. American Mathematical 
Society, 1998. 

[53] V.A. Fock. The Theory of Space Time and Gravitation. Pergamon, 
London, 1959. 



BIBLIOGRAPHY 



281 



[54] J. A. Font. Numerical hydrodynamics in general relativity. Living Re- 
views in Relativity, 3, May 2000. 

[55] J. Prauendiener. Discretizations of axisymmetric systems. Phys. Rev. 
D, 66(104027), 2002. 

[56] H. Priedrich. On the regular and the asymptotic characteristic initial 
value problem for Einstein's vacuum field equations. Proc. R. Soc. 
London A, 375:169, 1981. 

[57] H. Fricdrich. Hyperbolic reductions for Einstein's equations. Class. 
Quantum Grav., 13:1451-1469, 1996. 

[58] H. Priedrich and G. Nagy. The Initial Boundary Value Problem for 
Einstein's Vacuum Pield Equations. Gomm. Math. Phys., 201:619-655, 
1999. 

[59] S. Frittelli and O.A. Rcula. First-Order Symmetric Hyperbolic Einstein 
Equations with Arbitrary Fixed Gauge. Phys. Rev. Lett., 76(25) :4667- 
4670, 1996. 

[60] B. Fryxell, K. Olson, P. Ricker, F.X. Timmes, M. Zingale, D.Q. Lamb, 
P. MacNeice, R. Rosner, Truran J.W., and H. Tufo. PLASH: An Adap- 
tive Mesh Hydrodynamics Code for Modeling Astrophysical Thermonu- 
clear Plashes. Astr. J. SuppL, 131:273-334, 2000. 

[61] D. Garfinkle. Harmonic coordinate method for simulating generic sin- 
gularities. Phys. Rev. D, 65(044029), 2002. 

[62] D. Garfinkle and G.C. Duncan. Numerical Evolution of Brill Waves. 
Phys. Rev. D, 63(044011), 2000. 



BIBLIOGRAPHY 



282 



[63] D. Garfinkle, E.N. Glass, and J. P. Krisch. Solution generating with 
perfect fluids. Gen. Rel. Grav., 29(4):467-480, 1997. 

[64] B.L. Gates and M.C. Dewar. GENTRAN User's Manual - REDUCE 
Version. RAND, Santa Monica and University of Bath, 1991. 

[65] R. Geroch. A Method for Generating Solutions of Einstein's Equations. 
J. Math. Phys., 12(6):918-924, 1971. 

[66] D. Gilbarg and N.S. Trudinger. Elliptic Partial Dfferential Equations 
of Second Order. Springer, 1977. 

[67] E. Gourgoulhon, P. Grandclement, and S. Bonazzola. Binary black 
holes in circular orbits. I. A global spacetime approach. Phys. Rev. D, 
65(044020), 2002. 

[68] C. Gundlach. Angular momentum at the black hole threshold. Phys. 
Rev. D, 57:7080-7083, 1998. 

[69] C. Gundlach. Critical phenomena in gravitational collapse. Living 
Reviews in Relativity, 2, 1999. 

[70] C. Gundlach, G. Calabrese, I. Hinder, and J. M. Martin-Garcia. Con- 
straint damping in the Z4 formulation and harmonic gauge. Class. 
Quantum Grav., 22:3767-3773, 2005. 

[71] C. Gundlach and J. M. Martin-Garcia. Symmetric hyperbohc form 
of systems of second-order evolution equations subject to constraints. 
Phys. Rev. D, 70(044031), 2004. 

[72] C. Gundlach and J. M. Martin-Garcia. Symmetric hyperbohcity and 
consistent boundary conditions for second-order Einstein equations. 
Phys. Rev. D, 70(044032), 2004. 



BIBLIOGRAPHY 



283 



[73] B. Gustafssohn, H.-O. Kreiss, and J. Oliger. Time dependent problems 
and difference methods. Wiley, 1995. 

[74] W. Hackbusch. Multi-Grid Methods and Applications. Computational 
Mathematics. Springer, 1985. 

[75] S. Hahn and R. Lindquist. The two-body problem in geometrodynam- 
ics. Ann. Phys., 29:304, 1964. 

[76] R. Hamade and J.M. Stewart. The spherically symmetric collapse of a 

massless scalar field. Class. Quantum Grav., 13:497-512, 1996. 

[77] I. Hawke. Computational Ultrarelativistic Hydrodynamics. PhD thesis. 
University of Cambridge, 2001. 

[78] I. Hawke and J.M. Stewart. The dynamics of primordial black hole 
formation. Class. Quantum Grav., 19:3687-3707, 2002. 

[79] S.W. Hawking and G.F.R. EUis. The Large Scale Structure of Space- 
time. Cambridge University Press, 1973. 

[80] A.C. Hearn. REDUCE User's Manual 3.5. Konrad-Zuse-Zentrum 
Berhn, 1993. 

[81] S.D. Hern. Numerical relativity and Inhomogeneous Cosmologies. 
PhD thesis. University of Cambridge, 1999. Available on arXiv::gr- 

qc/0004036. 

[82] M. Hoist and D. Bernstein. Adaptive finite element solution of the 
constraint equations in relativity. Preprint., 2005. 



BIBLIOGRAPHY 



284 



[83] M. Hoist, L. Lindblom, R. Owen, H. Pfeiffer, M.A. Scheel, and L.E. 
Kidder. Optimal constraint projection for hyperbolic evolution sys- 
tems. Phys. Rev. D, 70(085017), 2004. 

[84] P. Jordan, J. Ehlers, and W. Kundt. Exact solutions of the field equa- 
tions of general relativity. Akad. Wiss. Lit. (Mainz) Abhandl. Math.- 
Nat. Kl. 2, 21, 1960. In German. 

[85] T. Kaluza. On the problem of unity in physics. Sitzungsher. Preuss. 
Akad. Wiss., Berlin, Math. Phys., Kl:966, 1921. In German. 

[86] E. Kasner. Geometrical theorems on Einstein's cosmological equations. 
Am. J. Math., 43:217-221, 1921. 

[87] L. E. Kidder, M. A. Scheel, and S. A. Teukolsky. Extending the life- 
time of 3d black hole computations with a new hyperbolic system of 
evolution equations. Phys. Rev. D, 64(064017), 2001. 

[88] L.E. Kidder, L. Lindblom, M.A. Scheel, L.T. Buchman, and H.P. Pfeif- 
fer. Boundary conditions for the Einstein evolution system. Phys. Rev. 
D, 71(064020), 2005. 

[89] O. Klein. Quantum theory and five- dimensional relativity theory. Z. 
Phys., 37:895, 1926. In German. 

[90] A. Komar. Covariant Conservation Laws in General Relativity. Phys. 
Rev., 113(l):934-936, 1959. 

[91] A.S. Kompaneets. Strong gravitational waves in vacuum. Zh. Eksper. 
Teor. Fiz., 34:953, 1958. In Russian. 

[92] D. Kramer. Cylindrically symmetric static perfect fluids. Class. Quan- 
tum Grav., 5(2):393-398, 1988. 



BIBLIOGRAPHY 



285 



[93] H.-O. Kreiss. Initial boundary value problems for hyperbolic systems. 
Commun. Pure Appl. Math., 23:277, 1970. 

[94] H.-O. Kreiss and J. Oliger. Methods for the approximate solution of 
time dependent problems. Technical Report 10, Global atmospheric 
research programme publication series, 1973. 

[95] C.B. Laney. Computational Gasdynamics. Cambridge University Press, 
1998. 

[96] L. Lehner. Numerical relativity: A review. Glass. Quantum Grav., 
18:R25-R86, 2001. Topical Review. 

[97] R. J. LeVeque. Numerical Methods for Conservation Laws. Birkhauser 
Verlag, 1992. 

[98] L. Lindblom and M. A. Scheel. Dynamical gauge conditions for the 
Einstein evolution equations. Phys. Rev. D, 67(124005), 2003. 

[99] R. Lohner. An adaptive finite element scheme for transient problems 
in CFD. Comp. Meth. App. Mech. Eng., 61:323-338, 1987. 

[100] K. Maeda, M. Sasaki, T. Nakamura, and S. Miyama. A New Formula- 
tion of the Einstein Equations for Relativistic Rotating Systems. Prog. 
Theor. Phys., 63:719-721, 1980. 

[101] A. Majda and S. Osher. Initial-Boundary Value Problems for Hyper- 
bolic Equations with Uniformly Characteristic Boundary. Comm. Pure 
& Appl. Math., 28:607-675, 1975. 

[102] C.W. Misner, K.S. Thorne, and J. A. Wheeler. Gravitation. Freeman, 
1970. 



BIBLIOGRAPHY 



286 



[103] G. Nagy, O. Ortiz, and O. Reula. Strongly hyperbolic second order 
Einstein's evolution equations. Phys. Rev. D, 70(044012), 2004. 

[104] T. Nakamura, K. Oohara, and Y. Kojima. General relativistic collapse 
of axially symmetric stars and 3d time evolution of pure gravitational 
waves. Prog. Theor. Phys. SuppL, 90:13-109, 1987. 

[105] D.W. Neilsen and M.W. Choptuik. Critical phenomena in perfect flu- 
ids. Class. Quantum Grav., 17:761-782, 2000. 

[106] D.W. Neilsen and M.W. Choptuik. Ultrarelativistic fluid dynamics. 
Glass. Quantum Grav., 17:733-759, 2000. 

[107] J. Oliger. Numerical Methods for Partial Differential Equations. New 
York: Academic, 1978. 

[108] R. Penrose and W. Rindler. Spinors and space-time 2: Spinor and 
twister methods in space-time geometry. Cambridge University Press, 
1986. 

[109] W. H. Press ct al. Numerical Recipes in G++: the art of scientific 
computing. Cambridge University Press, 2nd edition, 2002. 

[110] F. Pretorius. Numerical Simulations of Gravitational Gollapse. PhD 
thesis. University of British Columbia, 2002. 

[Ill] F. Pretorius. Evolution of Binary Black Hole Spacetimes. Preprint, 
arXiv::gr-qc, (0507014), July 2005. 

[112] F. Pretorius. Numerical relativity using a generalized harmonic decom- 
position. Glass. Quantum Grav., 22(2):425-451, 2005. 



BIBLIOGRAPHY 



287 



[113] F. Pretorius and M.W. Choptuik. Adaptive Mesh Refinement for Cou- 
pled Elliptic-Hyperbolic Systems. Preprint, arXiv::gr-qc, (0508110), 
August 2005. 

[114] M.H. Protter and H.F. Weinberger. Maximum principles in differential 
equations. Prentice- Hall, 1967. 

[115] J. Ranch. Symmetric positive systems with boundary characteristic of 
constant multiplicity. Trans. Am. Math. Soc., 291:167-187, 1996. 

[116] O. Rcula. Hyperbolic Methods for Einstein's Equations. Living Rev. 
Relativity, 1(3), 1998. 

[117] O. Reula and O. Sarbach. A model problem for the initial-boundary 
value formulation of Einstein's field equations. Preprint, arXiv::gr-qc, 
(0409027), 2004. 

[118] O. Rinne. Numerical Studies of Axisymmctric Spacetimes. Smith- 
Knight Prize Essay, University of Cambridge, January 2004. 

[119] O. Rinne and J. M. Stewart. A strongly hyperbolic and regular re- 
duction of Einstein's equations for axisymmetric spacetimes. Class. 
Quantum Grav., 22(6):1143-1166, 2005. 

[120] R. Sachs. Gravitational Waves in General Relatvity: VIH. Waves in 
asymptotically flat space-time. Proc. R. Soc. London A, page 103, 
1961. 

[121] O. Sarbach and M. Tiglio. Boundary conditions for Einstein's field 
equations: Analytical and numerical analysis. Preprint, arXiv::gr-qc, 
(0412115), 2004. To appear in JHDE. 



BIBLIOGRAPHY 



288 



[122] M.A. Scheel, L.E. Kidder, L. Lindblom, H.P. Pfeiffer, and S.A. Teukol- 
sky. Toward stable 3D evolutions of black-hole spacetimes. Phys. Rev. 
D, 66(124005), 2002. 

[123] W.E. Schiesser. The Numerical Method of Lines: Integration of Partial 
Differential Equations. Academic Press, New York, 1991. 

[124] P. Secchi. Well-Posedness of Characteristic Symmetric Hyperbolic Sys- 
tems. Arch. Ration. Mech. Anal, 134:155-197, 1996. 

[125] J.R. Shewchuk. An Introduction to the Conjugate Gradient Method 
Without the Agonizing Pain. Unpublished draft, 1994. 

[126] C.-W. Shu. Essentially non-oscillatory and weighted essentially non- 
oscillatory schemes for hyperbolic conservation laws. Technical Report 
97-65, ICASE, 1997. 

[127] C.-W. Shu and S. Osher. Efficient implementation of essentially non- 
oscillatory shock- capturing schemes. J. Corap. Phys., 77:439-471, 1988. 

[128] J.M. Stewart. Advanced general relativity. Cambridge University Press, 
1991. 

[129] J.M. Stewart. The Cauchy problem and the initial boundary value 
problem in numerical relativity. Class. Quantum Grav., 15:2865-2889, 
1998. 

[130] J. Stoer and R. Bulirsch. Introduction to Numerical Analysis. Springer, 
second edition, 2002. 

[131] R. Tabensky and A.H. Taub. Plane-symmetric self-gravitating fluids 
with pressure equal to energy density. Gomm. Math. Phys., 29:61-77, 
1973. 



BIBLIOGRAPHY 



289 



[132] S.A. Teukolsky. Linearized quadrupole waves in general relativity and 
the motion of test particles. Phys. Rev. D, 26(4):745-750, 1982. 

[133] S.A. Teukolsky. Stability of the iterated Crank-Nicholson method in 
numerical relativity. Phys. Rev. D, 61(087501), 2000. 

[134] E.F. Toro. Riemann Solvers and Numerical Methods for Fluid Dynam- 
ics. Springer, 1997. 

[135] E.F. Toro and V.A. Titarev. MUSTA schemes for multi-dimensional 

hyperbolic systems: analysis and improvements. Isaac Newton Institute 
preprint, (NI04032-NPA), 2004. 

[136] E.F. Toro and V.A. Titarev. MUSTA Schemes for Systems of Conser- 
vation Laws. Isaac Newton Institute preprint, (NI04033-NPA), 2004. 

[137] H.A. van der Vorst. BI-CGSTAB: a fast and smoothly converging vari- 
ant of BI-CG for the solution of nonsymmctric linear systems. SIAM 
Journal on Scientific and Statistical Computing, 13:631-644, 1992. 

[138] J. A. van Hulzen. SCOPE 1.5 - A Source-Code Optimization PackagE 
for REDUCE 3.5. University of Twente, Department of Computer 
Science. 

[139] R.M. Wald and V. Iyer. Trapped surfaces in the Schwarzschild geom- 
etry and cosmic censorship. Phys. Rev. D, 44:R3719, 1991. 

[140] J. Weber and J. A. Wheeler. Reality of the cylindrical gravitational 
waves of Einstein and Rosen. Rev. Mod. Phys., 29(3):509-515, 1957. 

[141] P. Wesseling. An Introduction to Multigrid Methods. Pure and Applied 
Mathematics. Wiley 1992. 



BIBLIOGRAPHY 



290 



[142] J.R. Wilson. A numerical method for relativistic hydrodynamics. In 

L. Smarr, editor, Sources of Gravitational Radiation, pages 423-445. 
Cambridge University Press, 1979. 

[143] G. Yoneda and H. Shinkai. Constraint propagation in the family of 
ADM systems. Phys. Rev. D, 63(124019), 2001. 

[144] J.M. York. Kinematics and dynamics of general relativity. In L. Smarr, 
editor. Sources of Gravitational Radiation, page 83. Cambridge Univer- 
sity Press, 1979. 

[145] J.M. York. Initial data for collisions of black holes and other grav- 
itational miscellany. In C. Evans, L. Finn, and D. Hobill, editors. 
Frontiers in Numerical Relativity, pages 89-109. Cambridge University 
Press, 1989. 



